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ABSTRACT 
In this thesis, the concept of “Virtual Part” as implemented in Catia v5 is 
studied in detail with the intention of developing a knowledge base for their 
functionalities and limitations. The origin of Virtual Part can be traced back to the 
RBE elements (rigid Bar Elements) implemented in NASTRAN in the early 1960s. 
The focus of the thesis however is to explore the response/applicability of Catia in 
linear dynamic problems. Since, linear dynamics is based on the concept of modal 
superposition, a significant part of the research is to investigate the behavior of 
Virtual Parts and their role in modal analysis. On this note, numerous case studies 
dealing with Virtual Parts in frequency calculations of a simple geometry, under 
standard and common loading conditions and restraints are looked at.  
The calculated frequencies are either compared with the theoretical 
expressions available in the literature, or full three-dimensional FEA calculations 
in the software. Two practical problems using the knowledge developed in the 
early part of the thesis are also considered. As indicated earlier, the primary goal of 
the research was to develop guidelines for using the concept of Virtual Parts which 
can dramatically reduce the computational resources and at the same time not 
compromise the accuracy of the results substantially. 
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CHAPTER 1 
1 Introduction 
1.1. Scope and objective of the project 
In this thesis, considerable effort has been dedicated to describing the concept and 
application of the Rigid Virtual Parts in Catia v5. These parts are capable of reducing the 
time in finite element analysis. Lack of documentation in commercial software was the 
initial motivation to initiate such research. The main objective of this research is 
providing a knowledge base about these features through discussing case studies 
followed by some application examples. It is anticipated that this research will assists 
students and the FEA users in the design purposes.  
An introduction to the concept of Rigid Virtual Parts and fundamental differences 
between them and the Smooth Virtual Parts are discussed in the Chapter 1. This chapter 
is followed by static analysis case studies and reviewing some industrial application in 
the literature to shed some light on the functions and limitations of such tools. Although 
these parts have been used in various industrial cases, it is not easy to find many 
examples in the literature providing good documentation for future researchers. 
As the static analysis case studies are already provided in the literature review, the 
natural frequency case studies are discussed in Chapter 2. This modal calculation consists 
of eighteen cases classified according to three different boundary conditions called fixed-
free, fixed-fixed and free-free involving classical deformation modes of type axial, 
bending and torsion. The geometry considered is very simple and the material used is 
steel in the linear elastic range. The reason behind this selection was to make some 
simple realistic cases for potential experimental researches in future. Appendix A, 
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contains the modeling of some cases in another commercial software called 
3DEXPERIENCE for the comparison purposes.  In Chapter 3, several dynamic analysis 
case studies using Rigid Virtual Parts are discussed which are also divided in 2 different 
boundary conditions categories namely, fixed-free and fixed-fixed. 
Chapter 4 provides two more practical applications of these features. To be more 
specify a dynamic analysis of a vehicle frame using Rigid Virtual Part and a platform 
subjected to a harmonic load. The closing chapter includes the conclusions and some 
recommendations for future work in this area. 
 
1.2. Literature Review 
1.2.1. The Concept of Virtual Part 
Finite Element Analysis which is also known as FEA is described as a method to 
divide a domain into smaller finite domains to mathematically simulate and analyze their 
behaviors [1]. As it is mentioned in [2], an important preprocessing step in FEA is 
meshing which would affect the result of simulation. Therefore, it is important to have a 
fine enough mesh in FEA problems. This issue makes mesh conversion study critical in 
any numerical study. 
The Nastran program is the foundation of many available FEA packages 
including the one used in Catia v5 [3]. Nastran program was developed by NASA in the 
early 1960s. It has been modified substantially and is still available to the public. A major 
issue in FEA simulations is computer hardware limitation. Thus, it may be essential to 
use special purpose elements to decrease the computation cost when possible. The one in 
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Nastran which is still available is most commercial FEA packages is called “Rigid” 
element [4]. 
Although Rigid elements have been called with different names depending of the 
software, RBE2 and RBE are their most common names. However, these are not truly 
conventional elements and are called “Virtual” Parts in the Catia v5 software. 
Unfortunately, they are also one of the most “misunderstood” concepts in this software. 
Lack of proper documentation in the software manuals and lack of elementary examples 
to explain them in detail can be the main reason [5]. 
The discussion in the next several paragraphs below pertains to [6]. The RBEs are 
defined as elements whose motion of a DOF is dependent of the motion of at least one 
other DOF. RBE1 which is also called RBAR is a rigid bar with 6 DOF at each end. One 
node will be the master node while the other one is the slave node. Figure 1.1 and Figure 
1.2 explain a simple translation and simple rotation of an RBAR. The green node is the 
master node while red node is the slave one. Each motion of green node drives each 
motion of red node. Furthermore, each rotation of green grid not only drives the rotation 
of the red grid but also causes a translation for red grid. This is a linear relationship and 
the stiffness, mass and load at dependent DOF will be transferred to independent DOF(s).  
 
Figure 1.1 Simple translation of a RBAR [6] 
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Figure 1.2 Simple rotation of a RBAR [6] 
Additionally, in the same reference [6] RBE2 is defined as a rigid body with 
independent DOF at one grid called master and dependent DOF at an arbitrary number of 
points called slave which is demonstrated by Figure 1.3. The green node is the master 
node while red nodes are the slave ones. Each motion of green node drives each motion 
of red node. As it is shown in Figure 1.4, each rotation of green grid not only drives the 
rotation of the red grids but also causes a translation for red grids. 
 
Figure 1.3 A depiction of a RBE2 with one master node and 4 slave nodes [6]  
 
Figure 1.4 A Simple rotation of a RBE2 with one master node and 4 slave nodes [6] 
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The RBE3 element is defined exactly in the opposite way. It is a rigid body with 
dependent DOF at one node called slave and independent DOF at an arbitrary number of 
nodes called master. In fact, there is one slave and more master nodes which is 
demonstrated by Figure 1.5. The green nodes are the master nodes while red node is the 
slave one. The motion of the dependent node is the weighted average of the motions at a 
set of independent master nodes. It is an interpolation element which means that if being 
used correctly, it will not add any stiffness to the structure.  
 
Figure 1.5 A depiction of an RBE3 with one slave node and 4 master nodes [6] 
 
The concept of load and mass transfer for RB type elements is not a trivial one. 
The applied forces and moments on the reference grid are distributed to the master nodes 
with classical bolt pattern by a 2-step procedure. First, an equivalent force or moment is 
transferred to the center gravity of the weighted points group. Then, the this transferred 
load will be distribute again to master grids according to their weights. Note that the 
weights are calculated based on nodes geometries. Figure 1.6, shows the load transfer 
process in 2 different RBE3 examples. Both examples are RBE3 elements where in the 
top one, the slave node is directly above the centroid of the other nodes while in the 
bottom case, master node has been considered closer to the right end. Mass distribution 
process is as same as static force distribution just discussed. The first step is to calculate 
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weight factors followed by disturbing the mass to the master nodes based on their 
weighting factors[6]. 
 
Figure 1.6 Load transfer process for a “RBE3” [4] 
 
In some references, RBE has been defined as a manifestation of multi point 
constraint to simulate parts with unknown stiffness and not clearly distributed loading 
which is commonly used on the Nastran models. Different DOF(s) connected by both 
RBE1 and RBE2 have same behavior of an infinitely stiff part. Although coincident 
connected nodes have same displacements independently from the applied load, this is 
not a general fact for all nodes. The rigid free body equation below displays dependent 
degrees of freedom of slave nodes of RBE2 based on the independent DOF(s) of the 
master node. 
{𝑇}𝐷𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 =  {𝑇}𝐼𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 +  {𝑅}𝐼𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 × {𝐼𝐷}                      (1-1)                    
{𝑅}𝐷𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 = {𝑅}𝐼𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡                                 (1-2)                                                        
Where: 
{T}: Translations vector = {T1, T2, T3} 
{R}: Rotations vector= {R1, R2, R3} 
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{ID}: Vector from the independent (base) to the dependent node (tip)={Xd-Xi,Yd-Yi,Zd-
Zi} 
×: Vectoral product 
After setting the geometry and ID vectors, the values of dependent degrees of 
freedom can be calculated according to values of independent degrees of freedom. Figure 
1.7 is a symbolic way to demonstrate the interaction of RBE2 with the rest of the 
structure. A master red node is connected to 4 purple slave nodes. Since the slave nodes 
are usually connected to some other nodes in the main model there is a condensed 
stiffness for each DOF.  
 
Figure 1.7 An RBE2 example which shows the stiffness associated for each degree of 
freedom of nodes connected to the other parts of a model [7] 
 
Equations 1-1 and 1-2 are used to calculate the slave DOF(s) when an enforced 
displacement is applied to the master node of RBE2. It means that displacements of slave 
nodes only depend on the displacements of the master node. But the reaction forces also 
depend on the condensed stiffness of the rest of the model applied on the slave nodes as 
well. As equation 1-3 shows, displacement of each dependent node for each degree of 
freedom will be also equal to inverse of condensed stiffness matrix of the structure times 
MPCFORCE of the dependent node.  
 8 
 
{𝑇}𝐷𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 = {𝑇}𝐼𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 + {𝑅}𝐼𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 × {𝐼𝐷} =
[𝐾𝐹𝐸𝑀]
−1{𝑀𝑃𝐶𝐹𝑂𝑅𝐶𝐸}𝐷𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡       (1-3)  
{𝑅}𝐷𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 = {𝑅}𝐼𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 = [𝐾𝐹𝐸𝑀]{𝑀𝑃𝐶𝐹𝑂𝑅𝐶𝐸}𝐷𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡,  (1-4) 
Where:   
[𝐾𝐹𝐸𝑀]: The condensed stiffness matrix of the FEM on the dependent degrees of freedom 
analyzed  
{𝑀𝑃𝐶𝐹𝑂𝑅𝐶𝐸}𝐷𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡: MPCFORCE on the dependent degrees of freedom analyzed  
Finally, these constitute 6 equations but 12 unknowns. Therefore, 6 additional 
equations are needed. The twelve unknowns are the MPCFORCE of each DOF of the 
slave nodes and 3 translational and 3 rotational displacements of the master node. This 
issue can be resolved by introducing equation 1-5 which is simply 3 force and 3 moment 
equilibriums. Keep in mind that a moment is a “generalized” force. 
∑ {𝑀𝑃𝐶𝐹𝑂𝑅𝐶𝐸𝑆} =  {𝐹}𝐴𝑝𝑝𝑙𝑖𝑒𝑑𝐷𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡                                  (1-5)                                      
Therefore, there will be 12 unknowns and 12 equations and slave nodes displacements 
can be calculated based on the applied load and the condensed stiffness matrix of the 
FEA structure. 
RBE3 elements are not infinitely stiff multi point constraints. Although they do 
not always cause any added stiffness to the main model, they are able to connect two 
parts of the model and make the FE model stiffer [7]. As indicated earlier, the same 
elements have been emerged in other commercial software with different names. In [8], a 
brief review of different types of Virtual Parts in Catia and their relationship with 
different types of RBE is discussed. The original rigid element as shown in Figure 1.8 (a) 
is actually a misnomer. It only represents a constraint between two points. If the two 
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points are called as independent and dependent (master and slave), the degrees of 
freedom will be identical. Alternatively, the slave’s displacement is dictated by the 
master’s displacement. As a result, the distance between the two points does not change 
and that justifies the word “Rigid” being used. 
The “Rigid Spider” is the commonly used name for the element which is a 
generalized rigid element. It means that there is one independent node which directs the 
motion of many other dependent nodes. This element is called “Rigid Virtual Part” In the 
Catia v5 program. The independent (master) node is called the “Handler Point”, see 
Figure 1.8 (b). Once again, the distances between all slave nodes and the handler point do 
not change and therefore it truly qualifies as a rigid element. As mentioned earlier, in the 
theoretical FEA literature, these rigid elements have been also called as the MPCs which 
stands for Multi-Point Constraints. A user is responsible to choose the handler point and 
the support faces of the Rigid Virtual Parts in Catia v5 software. Every node on the 
support face is a slave node and therefore the support face does not change shape. 
 
Figure 1.8 Rigid element and its closely related byproducts [8] 
 10 
 
The “Smooth Virtual Part” is a more sophisticated version of the rigid elements in 
Catia v5. Figure 1.8 (c) depicts this element while here the handle point is the slave and 
its behavior is dependent on all the nodes on the support which are the master 
(independent) nodes. In fact, the nodes on the support drive the motion of the handler 
point in all 6 degrees of freedom. Moreover, it is possible for the distances between the 
nodes to change. Therefore, this element is not a truly rigid element anymore. 
Virtual Parts toolbar can be found in the Generative Structural Analysis 
workbench within the Analysis & Simulation module of Catia v5. As it is shown in 
Figure 1.9, the toolbar contains five different icons while four of them are also described 
in the figure, the fifth one is called contact virtual part which is not discussed in this 
research at all. The Rigid Virtual Part and Rigid Spring Virtual Part are variations of 
RBE2 in Nastran and are the primary focus of this research. The Smooth Virtual Part and 
Smooth Spring Virtual Part are the counter parts of RBE3. Figure 1.10 shows the 
dialogue box of a Rigid Spring Virtual Part. It contains a face as support, a node as 
master and 6 degrees of freedom stiffness. The only difference with the dialogue box of 
Rigid Virtual Part is that it does not have the 6 stiffness boxes to specify the stiffness for 
the 6 degrees of freedom.  
 
Figure 1.9 Virtual part toolbar in Catia v5 [5] 
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Figure 1.10 Rigid Spring Virtual Part dialogue box [5] 
 
Figure 1.11 is a depiction of how a virtual part looks in the Catia V5 interface. 
The figure contains a rectangular cross-section bar which is clamped at left end. The right 
end of the bar is used as the support face of a virtual part which has a handler point as the 
master. Thus, virtual part is visually represented as a spider shown from the support face 
to the master point (handler point). 
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Figure 1.11 Demonstration of a Virtual Part with a bar support 
Following the development in [5], the differences between usage of Rigid Virtual 
Part and Smooth Virtual Part are discussed with 2 examples. The first example is a block 
which is fixed at one end and a remote point is located a certain distance away from the 
face. An axial symmetric compressive force is applied at the handler point shown in 
Figure 1.12 to demonstrate the problem. Figure 1.13 shows the results of mentioned 
problem with the usage of Rigid Virtual Part and Smooth Virtual Part elements. Notice 
the support face does not change shape when using Rigid Virtual Part whereas, there is a 
changed shape on the support face in the case of Smooth Virtual Part with higher stress in 
the four corners of the support. 
 
Figure 1.12 Remote handler point “H” carries the load of 100kN [5] 
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Figure 1.13 Von Mises and displacement contour plots using the Rigid Virtual Part 
elements on top and Smooth Virtual Part on the bottom [5] 
The second instance is the part shown in Figure 1.14. The block is clamped at one end 
and the hole is under an axial load applied on the handler point called H. 
 
Figure 1.14 The hole is loaded at the remote handler point “H” [5] 
 
Figure 1.15 shows the deformation of the above example. As in the first example, shape 
of the hole does not change shape at the support face of the Rigid Virtual Part but it does 
in case of Smooth Virtual Part. 
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Figure 1.15 The deformation of the circular hole under “RBE2” and “RBE3” elements [5] 
 
The differences between Rigid Virtual Part and Rigid Spring Virtual Part are 
discussed in [8]. Based on the discussion in the previous pages, it is assumed that the 
virtual part is infinitely rigid without any consideration of the stiffness of the portion of 
the part replaced. Rigid Spring virtual part is a modified version of this tool in Catia v5 
where the user is able to specify the stiffness of the ignored part of FE model as a spring 
in series, while the element is still a true rigid element. This kind of element is depicted 
in Figure 1.16. The shape on the left shows a “Rigid” virtual part whereas the one on the 
right is an instance of a “Rigid Spring” virtual part. 
 
Figure 1.16 “Rigid” and “Rigid Spring” virtual parts. [8] 
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The stiffness of the resulting spring should be calculated and inputted in the software by 
the user which can be done in some situations such as a one-dimensional geometry, under 
axial, bending, and torsional loading. 
 
1.2.2. Static Analysis Using Virtual Parts 
This part of literature review is a detailed description of [5] which contains basic 
static analysis case studies using virtual parts. Not only these case studies are important 
to simply clarify how virtual parts work but also are necessary for further dynamic 
analysis calculations. In this reference, six case studies have been discussed which are 
limited to “Rigid” virtual parts. The material is assumed to be linear elastic steel with 
Young’s modulus of 200 GPa and Poisson’s ratio of 0.3. For the solid portion of the 
geometry, a 1mm linear 4 noded tetrahedron elements was generated which results in a 
very fine mesh. The rationale behind such a fine mesh is to eliminate the need for a mesh 
convergence study. 
 
CASE STUDY I, AXIALLY LOADED BAR, RIGID VIRTUAL PART: 
The simple geometry considered in this study, was a 150 mm bar which was 
clamped at the left end and free at the other end. The first left 100 mm of the bar was 
modeled with solid element while a virtual part was used for the last 50 mm of the bar. 
Therefore, it was assumed that the end 50 mm had been more rigid than the rest of the 
part. To use the Rigid Virtual Part, the right face of the modeled part was considered as 
the support and a point with 50 mm distance from the face was created as handler point. 
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As shown in Figure 1.17, the whole model is under a 0.1 mm axial compression. 
Moreover, Figure 1.18 is the free body diagram of the case under consideration. 
 
Figure 1.17 Original part, modeled part, meshed part for the first static case study [5] 
 
Figure 1.18 The Free body diagram of the left side of bar for the first static case study [5] 
 
Figure 1.19 shows the bar deflection and the axial principle stress contours for the 
first left 100 mm of the structure. A load of 𝐹 =  
−𝐴𝐸 𝛿
𝐿
  was needed to enforce a 0.1 mm 
deflection. Clearly this value is based on 𝛿 = 0.1𝑚𝑚 and 𝐿 = 100𝑚𝑚. Therefore, the 
calculated axial principle stress was 𝜎 =  
𝐹
𝐴
=  200 𝑀𝑃𝑎.  
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Figure 1.19 The axial principle stress and the deflection of the first static case [5] 
 
Due to the clamp at the end, there is a complicated stress distribution at that end 
which distorts the expected uniform variation. Thus, it was decided to plot another 
contour for the middle section only as shown in Figure 1.20. The maximum compressive 
stress was equal to 201 MPa which was in reasonable agreement with the calculated 
number above. 
 
Figure 1.20 Axial stress in the middle section of the first static case [5] 
 
CASE STUDY II, AXIALLY LOADED BAR, RIGID SPRING VIRTUAL 
PART: 
The second case considered was the same bar as previous one with the only one 
difference. Although the right side of the part was not modelled, its axial stiffness was 
considered by using a Rigid Spring Virtual part. Figure 1.21 pertains to this situation. In 
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order to use that feature, the spring stiffness was calculated in Figure 1.22 based on the 
material used.  
 
Figure 1.21 The use of a “Rigid Spring” virtual part in second static case study [5] 
 
Figure 1.22 Calculations of the stiffness of the second static case study [5] 
 
To assess the FEA results of the model the simple hand calculation below was 
provided. Figure 1.22 is the free body diagram of both parts of the model. The modeled 
part was associated with the subscript “1”, whereas, the Rigid Spring Virtual part was 
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associated with subscript “2”. The axial stiffness of part two based on basic strength of 
materials formulas was calculated as 𝑘2 = 
𝐴𝐸 
𝑑
 = 4 × 108 N/m. This was inputted as the 
second translational spring constant in the dialogue box shown in Figure 1.10. The axial 
stiffness of part one was also calculated as 𝑘1  =  
𝐴𝐸  
𝐿
=  2 ×  108 𝑁/𝑚. Therefore, there 
was two springs in series with the equivalent stiffness of 𝑘𝑒𝑞  =  
𝑘1𝑘2
𝑘1+𝑘2 
 =  
4
3
×  108 𝑁/𝑚.  
A 0.1 mm enforced displacement at the handler point required the force calculated 
𝑎𝑠 𝐹 =  𝑘𝑒𝑞𝛿 =
4
3
× 108 ∗  0.0001 =  13333 𝑁.  Thus, the tip deflection of the 
modelled section of the bar was equal to 𝑢 =  
𝐹
𝑘𝑒𝑞 
 =  67 ×  10−6 𝑚 =  0.067 𝑚𝑚 and 
the axial stress in the bar was calculated as 𝜎 =
 𝐹
𝐴
 =  
13333
0.0001
  =  133 ×  106 𝑃𝑎 =
 133 𝑀𝑃𝑎.  
Figure 1.23 is the finite element results of this case. The displacement plot 
showed the exact values as calculated above. The constant axial principle is also verified 
by the 133MPa calculated before. The Catia constructed group displays the stress 
distribution in the middles section of the bar and is depicted in Figure 1.24. 
 
Figure 1.23 The axial principle stress and the deflection of the second static case [5] 
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Figure 1.24 Axial stress in the middle section of the second static case [5] 
 
CASE STUDY III, TORSIONALY LOADED BAR, RIGID VIRTUAL PART 
Here, the bar has a circular cross section of diameter D=20 mm instead of a 
rectangular cross section as in the last cases. The main reason was to have more realistic 
case for torsional studies as the noncircular cross sections lead to wraping. The 50 mm on 
the right is assumed to be substantially more rigid than the rest of the bar. Therefore, it is 
replaced by a Rigid Virtual Part. The bar was under a 0.1-degree twist angle at the right 
end which was applied to the handler point. Same type elements and mesh size as in the 
last cases was used. 
 
Figure 1.25 Original part, modeled part and meshed part of the third static case [5] 
 
Figure 1.26 is the free body diagram of both sections of the discussed model. The left 
side would also twist by 0.1 degree because the right side is rigid leading the same torque 
T to the left side. 
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Figure 1.26 Free body diagram of the left side of bar for the third static case study [5] 
The FEA generated principle stress contours for the left part of the case is displayed in 
Figure 1.22. A torque of 𝑇 =  
𝐺𝐽
𝐿 
 𝜃 was necessary for the 𝜃 = 0.1° twist considering  
𝐺 =  
𝐸
2(1+𝜈)
  as the shear modulus and 𝐽 as the polar moment of inertia of the bar. Length 
of the left end of the bar was 𝐿 = 100𝑚𝑚. Therefore, the calculated torsional principle 
stress was 𝜏 =  
𝑇𝑟
𝐽 
 =  13.47 × 106 𝑃𝑎 =  13.47 𝑀𝑃𝑎 . The stress distribution in the 
middle section of the bar is plotted in Figure 1.28, which is in excellent agreement with 
the predicted value of 13.47 MPa.  
 
Figure 1.27 The torsional principle stress contour for the third static case [5] 
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Figure 1.28 Torsional stress in the middle section for the third static case [5] 
 
CASE STUDY IV, TORSIONALY LOADED BAR, RIGID SPRING VIRTUAL 
PART 
This case was a more general version of the third one. Although the right side of 
the part was not modelled, its stiffness is being considered using a Rigid Spring Virtual 
part. Figure 1.29 is a detailed illustration of the geometry under consideration. In order to 
use that feature, the torsional stiffness was calculated based on the material used.  
 
Figure 1.29 Original part, modeled part and meshed part for the fourth static case [5] 
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Figure 1.30 Free body diagram of the left side of bar for the fourth static case study [5] 
To verify the Catia FEA results, few simple calculations based on strength of materials 
formulas was done which are presented in the free body diagram displayed in Figure 
1.30. The stiffness of 50 mm Rigid Spring Virtual Part was given by 𝑘2  =  
𝐺𝐽
𝑑
 =  
𝐺𝐽
0.05
=
 24166 𝑁𝑚/𝑟𝑎𝑑. This was inputted into the software in the dialogue box presented in 
Figure 1.10 as the second rotational stiffness spring constant (based on the used 
geometry).  
The torsional stiffness of the left side of the bar was also calculated as 𝑘1 =  
𝐺𝐽
 𝐿
=
 
𝐺𝐽
 0.1 
=  12083 𝑁𝑚/𝑟𝑎𝑑. The equivalent stiffness called 𝑘𝑒𝑞 =
 𝑘1𝑘2
 𝑘1+𝑘2 
=  8055
𝑁𝑚
𝑟𝑎𝑑
 was 
given by replacing the two springs in series by a 150 mm spring with 0.1-degree twist 
angle at the right end. Therefore, the torque was calculated as  𝑇 =  𝑘𝑒𝑞𝜃 =  8055 ∗
 0.1 (2𝜋)
360 
 ≅  14 𝑁𝑚 𝑎𝑛𝑑 the principle torsional stress on the surface of the bar would be 
𝜏 =  
𝑇𝑟
 𝐽 
=  
14×0.01
𝐽 
=  8.095 ×  10 6𝑃𝑎 =  8.095 𝑀𝑃𝑎.  
These calculated numbers were used to verify FEA results. Figure 1.31 presents torsional 
principle stress for the entire structure while Figure 1.32 demonstrates the same thing for 
only the middle section of the bar which are in good agreement with hand calculations. 
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Figure 1.31 The torsional principle stress contour for the fourth static case [5] 
 
Figure 1.32 Torsional stress in the middle section for the fourth static case [5] 
 
CASE STUDY V, BAR UNDER BENDING, RIGID VIRTUAL PART 
As shown in Figure 1.33, the same 150 mm bar as in the previous cases was 
considered. This bar was under a 1000N downward load at it’s right end, while its left 
end was clamped. Instead of modeling the last 50 mm on the right, a Rigid Virtual Part 
was used since that portion was assumed to be substantially more rigid than the rest of the 
part.  
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Figure 1.33 Original part, modeled part and meshed part for the fifth static case [5] 
 
Considering the left portion (modeled) was represented by subscript “1”, whereas 
the right (rigid portion) was represented by subscript “2”. The downward force applied on 
the right end causes the same force and a bending Moment of M=Fd at 100 mm section. 
 
Figure 1.34 The Free body diagram of the left side of bar for the fifth static case study [5] 
 
Thus, the modeled portion could be assumed to be a cantilever beam under a force 
and a bending moment. In order to solve this problem analytically, the superposition 
method was used. The problem was divided to two sub-problems, one a cantilever beam 
under a downward force and another one under the bending moment. The solution is 
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completely described in Figure 1.35. This solution was used as the reference value to 
verify the FEA results of the case. 
 
Figure 1.35 Basic strength of materials formulas for beam bending and their 
superposition for the fifth static case study [5] 
 
By using the supplied values in the problem statement, the numbers for deflection and 
stress were calculated as shown below for completeness. 
𝑏 = ℎ = 0.01 𝑚  , i.e. square cross section. Then  𝐼 =  
1
 12
 𝑏ℎ3  =  8.333 ×
 10−10 𝑚4  
𝐿 = 0.1 𝑚   , the length of the modeled section of the beam  
𝑑 = 0.05 𝑚   , the length of the “Rigid” section  
𝐹 = 1000 𝑁   , the applied load  
𝐸 = 200 𝐺𝑃𝑎   , Young’s modulus  
𝜈 = 0.3   , Poisson’s ratio 
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𝛿 =
 𝐹𝐿3
 3𝐸𝐼 
=  3.5 ×  10−3 𝑚 =  3.5 𝑚𝑚  , tip deflection of the modeled section of the 
beam. 
𝜎 =  
𝑀𝑤𝑎𝑙𝑙𝑐
 𝐼
 =  
𝐹(𝐿+𝑑)
ℎ
2
 𝐼
 =  900 × 106 𝑃𝑎 =  900 𝑀𝑃𝑎  , bending stress at the wall 
As the last right 50 mm is very rigid, the deflection of the handler point of Rigid Virtual 
Part was calculated based on the solution in Figure 1.36. i.e. rigid rotation (not bent). 
 
Figure 1.36 The treatment of the displacement of the Handler point for the fifth static 
case study [5] 
 
𝛿𝐻𝑎𝑛𝑑𝑙𝑒𝑟 𝑝𝑜𝑖𝑛𝑡 =
 𝐹𝐿3
 3𝐸𝐼 
+
𝑀𝐿2
2𝐸𝐼 
𝜃𝑑 =
𝐹𝐿3
3𝐸𝐼 
+
(𝐹𝑑)𝐿2
2𝐸𝐼 
+ [
𝐹𝐿2
3𝐸𝐼
+
(𝐹𝑑)𝐿
𝐸𝐼
] 𝑑 = 6.5 × 10−3𝑚
= 6.5𝑚𝑚 
Figure 1.37 and Figure 1.38 show the FEA results of the case considered and the 
comparison is satisfactory. 
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Figure 1.37 The deflection data for the modelled and rigid part for the fifth static case 
study [5] 
 
Figure 1.38 The bending stress distribution in the modelled section for the fifth static case 
study [5] 
CASE STUDY VI, BAR UNDER BENDING, RIGID SPRING VIRTUAL 
PART 
The final case being considered is the same as the fifth one, however, Rigid 
Spring Virtual part is used. this meant that the stiffness of the last 50 mm bar is estimated 
and used. The required stiffness to be inputted in the Rigid Spring Virtual Part dialogue 
box shown in Figure 1.40 were calculated and are presented below based on the data 
supplied in the model. 
𝑘𝑇𝑍 = 𝑇𝑟𝑎𝑛𝑠𝑙𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑠𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 =  
3𝐸𝐼 
𝑑3 
= 4 × 10 6𝑁/𝑚  
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𝑘𝑅𝑋  = 𝑅𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑆𝑡𝑖𝑓𝑓𝑛𝑒𝑠𝑠 =
𝐸𝐼
 𝑑
=  3.333 × 103 𝑁. 𝑚/𝑟𝑎𝑑 
 
 
Figure 1.39 The stiffnesses of the virtual part are estimated according to the expressions 
given for the sixth static case study [5] 
 
 
Figure 1.40 The Catia v5 dialogue box for inputting the stiffness of the “Rigid Spring” 
virtual part for the sixth static case study [5] 
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The bar could be considered as a 150 mm long cantilever beam under a downward load 
F. Based on the simple strength of materials formulas shown in Figure 1.35. 
 𝛿150𝑚𝑚 =
𝐹(𝐿 + 𝑑)3
3𝐸𝐼 
=
1000 × (0.1 + 0.05) 3
3 × (200 × 109) × (8.333 × 10−10)
 =  6.75 × 10−3 𝑚 =
6.75 𝑚𝑚  
𝛿100𝑚𝑚 =
𝐹𝐿3
3𝐸𝐼
+
(𝐹𝑑)𝐿2
2𝐸𝐼
=
1000 × (0.1)2
(200 × 109) × (8.333 × 10−10) 
 [
0.1 
3
+
0.05
2 
 ] = 3.5 ×
 10−3 𝑚 = 3.5 𝑚𝑚  
𝜎𝑤𝑎𝑙𝑙 =
𝑀𝑤𝑎𝑙𝑙  𝑐
 𝐼 
=
𝐹(𝐿 +  𝑑)
ℎ
2
𝐼
 =
1000 × (0.1 +  0.05)  ×  0.005
8.333 × 10−10
 = 900 ×  106 𝑃𝑎 
= 900 𝑀𝑃𝑎  
Figure 1.41 and Figure 1.42 display the FEA result of the present case which were in a 
good agreement with the analytical solution provided above. 
 
Figure 1.41 The deflection data for the modelled and rigid part for the sixth static case 
study [5] 
 
Figure 1.42 The zoomed in view of principle bending stress plot for the “Rigid Spring” 
model for the sixth static case study [5] 
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1.2.3. Review of Some Industrial Application 
Some of the applications of the Virtual Parts in the literature have been their 
origin in the subject of mechanical coupling. This section pertains to the definition of 
couplings and their functions discussed in references [9], [10] and [11]. In general, 
couplings can be machine parts which transmit rotary translation and torque with respect 
to the laws of movement. One can define them as major connecting subsystems to 
transmit power between shafts which belong to other subsystems. Due to different usages 
of couplings in construction machinery, they are classified in diverse groups based on 
their functions. The main classification divides them into 2 groups called permanent and 
intermittent couplings. Permanent couplings are also divided to mobile and fixed 
couplings. The mobile permanent couplings are able to have both rigid and elastic 
intermediate elements. Obtaining the increased torsional rigidity is the main reason to use 
elastic active elements in many types of couplings. An instance called Hardy has bolts 
and an elastic disk distinguished by bending elasticity and torsional rigidity. Considering 
as an assembled product, it contains 2 semi couplings and an elastic element connected 
with bolts as it is displayed in Figure 1.43. Rubber is the material used for the elastic part 
which secures high elasticity, improves damping capacity, has a simple technology and is 
relatively cheap. Metal reinforcements are directly used in contact with the elastic disk to 
improve the bearing capacity. The main application of Hardy couplings is to make a 
flexible connection between the power source shafts and powered machines.  
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Figure 1.43 Hardy Coupling components [2] 
 
Following the discussion in [2], static analysis in Hardy couplings has been by 
using the Generative Structural Analysis from Catia v5. The purpose was to investigate 
the structural response and identifying the locations where the stresses are high. Steel was 
used for the metallic materials while rubber was used for the non-metallic components. 
As the analysis model should have behaved realistically, the contact with shafts and 
keyways was replaced with rigid elements which anchor the axis with cylindrical surface 
of the shaft. For this purpose, two points were generated on the longitudinal axis of each 
semi coupling as the handler points of four Rigid Virtual Parts [12]. For each semi 
coupling, the first Rigid Virtual Part referred to the semi-coupling hole and the second 
one was related to the inside surface of the keyway, displayed in Figure 1.44. 
 
Figure 1.44 The four rigid parts which are used for Hardy Coupling components [2] 
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After running the simulation, Figure 1.45 presents the von Mises stress in axial section, 
displaying the maximum tension in the bolt area equal to 13.5 MPa. 
 
Figure 1.45 von Mises stress distribution for Hardy Coupling [2] 
 
The main goal of reference [13] was to present a finite element analysis for the 
Periflex coupling using the Generative Structural Analysis from Catia v5. The paper 
studied the Periflex shaft couplings to connect two shafts in diesel-engine and electric 
drives, specifically Stromag Periflex couplings. The main application of these couplings 
is in explosion-hazardous locations [12]. Figure 1.46 presents an “exploded” view of this 
coupling. 
 
Figure 1.46 The Periflex coupling studied, exploded view [13] 
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The six parts Periflex coupling was modeled in Catia v5.  The semi-couplings and the 
pressure rings were made of steel and the shaft tire material was natural rubber. As in the 
previous paper discussed, two points were generated on the longitudinal axis of each semi 
coupling as the handler points of four Rigid Virtual Parts [12]. A “fastened connection” 
joined the two semi couplings at their common boundary. Therefore, they behaved as a 
single body. A torque of 100 Nm was applied to the main coupling. 
After running the simulation, the von Mises Stress distribution for the Periflex 
coupling is presented in Figure 1.47 and Translational Displacement Vector images are 
presented in Figure 1.48. 
 
Figure 1.47 The von Mises tress distribution for the Periflex coupling studied [13] 
 
Figure 1.48 The translational displacement vector for the Periflex coupling studied [13] 
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As it was hard to see the internal tensions of the Rubber sleeve, the results could not be 
very trustworthy. Therefore, it was necessary to have a new model analyzing the rubber 
components. Therefore, a new model replacing four Virtual Parts instead of the steel 
components were generated which is displayed in Figure 1.49. 
 
Figure 1.49 Four points associated to the master nodes of the rigid elements for the 
Periflex coupling studied [13] 
  
The von Mises Stress distribution for the rubber sleeve is also presented in Figure 1.50. 
The maximum tensions which is equal to 34.6 MPa appeared in the bolts area. Moreover, 
Figure 1.51 presents Translational Displacement Vector images. 
 
 
Figure 1.50 The von Mises Stress distribution for the modified Rubber sleeve model of 
Periflex coupling studied [13] 
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Figure 1.51 The translational displacement vector for the modified Rubber sleeve model 
of Periflex coupling studied [13] 
 
Next, application of rigid parts in analysis of a robot system developed by the 
Research Institute of Hydro-Quebec is discussed. The main function of this robot system 
was to maintain and repair turbine runners. This automation increased the efficiency and 
decreased the operational cost of many maintenance activities on hydroelectric equipment 
such as welding, plasma gouging and etc. [15]. Reference [16] discusses the finite 
element analysis on one such robot called “SCOMPI” is shown in Figure 1.52. This was a 
lightweight portable compact 6 degrees of freedom robot which would be installed on a 
track to reach areas where it would be hard for human to access easily in order to do 
maintenance activities. An advantage of “SCOMPI” is being more flexible and less rigid 
rather than other commonly used industrial robots [15]. Following the development in 
[16], a computer model of the third generation of SCOMPI was developed to decrease the 
negative effects of vibrational behaviour of the system. A finite element analysis of this 
computer model was performed. This study involved the design and simulation of the 
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robot considering the flexibility of joints and the links to let the operator find out the best 
positions for the robot to operate under. 
 
Figure 1.52 SCOMPI robot developed by Research Institute of Hydro-Quebec [16] 
 
The main strategy of this research was modal calculation by running dynamic simulation 
for different configurations of the robot using MD Adams software. First, a CAD model 
was generated. The second step was meshing of the part, followed by preparing a 
dynamic FE model considering flexible bodies for four of the six links of the robot. The 
final step was validating the dynamic model by comparing the 3D coordinates of the 
robot from the static experiments and software simulated results. 
Creating a rigid dynamic simulation of the model using Adams software was an 
initial step to verify whether the model is effective in the software environment or not. 
Therefore, not only it would be possible to make the joints and links flexible to continue 
the analysis but also the result of the rigid model simulation could be good sources for 
later comparisons. Figure 1.53 displays the CAD model of SCOMPI designed in Catia 
v5. Next step was assembling the model in Adams using translational and revolute joints 
plus imposed motions. in Figure 1.53, J1 is a translational joint while J2-J6 are all 
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revolute joints. Moreover, some sensors and markers have been applied to joints for 
further analysis and first 20 frequency modes were calculated. 
 
Figure 1.53 CAD Model (Links and Joints)  of SCOMPI robot developed by Research 
Institute of Hydro-Quebec [16] 
  
As forces could be only applied to interface points, for each applied joint an 
interface point was considered. These points were used to position components precisely 
and were connected to the markers previously created in the rigid model. These 
connections were created by support beams in order to distribute the force applied to 
interface points to the whole surface. A support beam is a massless stiff beam which can 
also be called a rigid beam. Since several internal parts such as motor, encoder and 
harmonic drive were not modeled to simplify the model, a lumped mass was applied to 
each interface node to replicate their presence. Although there was a valid mass but the 
mass and inertia would not be distributed as real and the mass would be in the center of 
the gravity position. In fact, in this paper, rigid elements were used to distribute the 
applied force and mass equally on the whole surface as it is shown in Figure 1.54. 
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Figure 1.54 Mesh, support beams and interface points for link L2 of SCOMPI robot 
developed by Research Institute of Hydro-Quebec [16] 
 
Four different models were simulated and compared which were Rigid model, 
Flexible-link model, Flexible-joint model and the last one which was Flexible-link and 
Flexible-joint model. To compare the four models, static, vibration, modal and dynamic 
analysis were done in this research and finally the model validated as it already 
mentioned. They consisted of suspending different masses such as 0, 5, 10, 15 and 20 
pounds at the end of the robot for 20 different positions in order to calculate the angular 
and translational displacements of the end effector. The same situations were applied to 
the Adams model and the results from the sensors were validated with the experimental 
results which was the first validation between the 3D model and the robot. Then, the 
model was revised by changing different factors such as making the harmonic drive 
reducer and bearings lateral deflections behavior nonlinear or changing the distribution of 
the links’ weights. Although Table 1.1 displays the comparison between FEA and 
experiment for one position, the average deformation difference for all positions 
considering all four different masses was also calculated equal to 15.84%. 
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Table 1.1 Comparison of experimental and modal deformations for one experiment 
position of SCOMPI robot developed by Research Institute of Hydro-Quebec [16] 
Force (Pounds) Experimental 
Deformation (m) 
Model Deformation 
(m) 
Difference (%) 
0 0.000000 0.000000 0.000000 
5 0.001083 0.001300 16.692308 
10 0.002272 0.002700 15.851852 
15 0.003427 0.004000 14.325000 
20 0.004581 0.005300 13.566038 
 
As another application, a helical spring design is considered. The main purpose of 
reference [17] was generating fatigue analysis for helical compression spring to modify 
the design to increase its life and performance. These springs were involved in cam 
follower mechanism which is used for valve opening and closing in the internal 
combustion engine. Based on the previous data, fatigue is a major failure of an exhaust 
valve spring of a constant speed I.C. Engine. It necessitated to design more reliable 
springs. During the valve opening process, start and stop time makes oscillatory 
displacements which causes the major loading on the springs. The standard safe expected 
life of the spring should be 50,000 cycles for specific frequency of applied load. This 
research contained static and fatigue analysis of compression spring used for I.C. Engine 
valve by FEA to increase the performance and life of them. The model was designed in 
Catia v5 and the FE analysis was done in NASTRAN 2010 software using Tetra 10 
quadradic 3 DOF elements. a RBE2 was used to apply the force on the top face of the 
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spring and another was used on the bottom to fix it as it is shown in Figure 1.55. Note 
that the force and the constraint were applied to the master nodes of RBE2 and were 
distributed on the support face as it was already discussed in 1.2.1. 
 
Figure 1.55 .a Spring with load applied [17]       b. Spring with boundary conditions [17] 
 
The expected life under different particular loads during operation was 
established. These analyses repeated after design modifications and final design 
confirmed after making a comparison of fatigue life results between different designs. 
Therefore, the final design result was also validated with a fatigue test experiment done 
by a special fatigue test machine for a helical compression spring. The comparison was 
made in terms of minimum number of predetermined cycles supported by the samples 
during cycle loading under controlled environment. Table 1.2 compares the analyzed 
results between the original and modified springs. From this Table, life of modified 
spring shown in the simulation is 74000 cycles which is more than required life cycle. 
Hence, the modified design shows an improved life of failure. The von Mises stress and 
deformation of the maximum life was not changed much.  
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Table 1.2 Analysis results between original and modified spring studied in [17] 
Sr. No. Compression Spring Original Compression 
Spring 
Modified 
Compression 
Spring 
1 Maximum 
Deformation of The 
Spring (mm) 
14.08 11.25 
2 Maximum Von 
Mises Stress in The 
Spring (MPa) 
562.72 439.75 
3 Maximum Shear 
Stress in The Spring 
318.46 250.30 
4 Maximum Fatigue 
Life in The Spring 
(No of Cycle) 
1.14e4 7.40e4 
 
The concept of Virtual Parts is also extensively used the frame modelling of 
automobiles and trucks. The chassis is a major part in an assembled vehicle. In order to 
have a good performance under different vibrations situations based on road roughness 
and loadings one should have a reliable structural response of the chassis. In reference 
[18] a typical truck chassis was subjected for different possible loadings by FEA. There 
the natural frequencies and mode shapes of the chassis were also evaluated as a part of 
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the investigation. The CAD model was prepared in Catia v5 which is displayed in Figure 
1.56. A 4130 steel alloy was used as the material. 
 
Figure 1.56 Geometric model of Chassis designed in [18] 
 
In this reference, an initial modal analysis with a free-free boundary condition and 
without any applied load was undertaken to determine the natural frequencies and the 
mode shapes. This was followed by the linear static stress analysis to calculate the stress 
distribution and deformation pattern of the chassis under static load with realistic 
boundary conditions. The suspension mounting-bracket of the chassis were pinned to be 
restrained for the three translational DOF. Therefore, the chassis could only rotate about 
the pin axis. The applied static load was divided to three loads which were estimations of 
the weights of the components like the engine, gearbox, fuel tank, cabin and etc. all 
together mounting to 1249 kg. and were applied to the front suspension mounting 
bracket. Note that the analysis was done in a symmetric condition while the both front 
wheels were hitting a hump continuously. Figure 1.57.a shows the 3 loading while Figure 
1.57.b displays the boundary condition applied to the static case. 
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Figure 1.57  a. Applying loads of static case     b. Boundary conditions of  static case [18] 
Finally, the simulation was done for the model by the ANSYS Iterative Solver and the 
deformation, stresses and strains were calculated. Table 1.3 shows the obtained value 
from frequency analysis and the maximum displacement due to each frequency. 
Moreover, maximum displacement from the static analysis calculated was 1.546 mm 
which was too small in comparison with the dimensions of the model and would not 
cause any problem. The maximum stress calculated was 76.89 MPa which is also much 
smaller than the yield strength of 435 MPa resulting in a safety factor of 5.65. 
 
Table 1.3 Frequency modes and displacement from simulation of the chassis model [18] 
S. No Mode Frequency (HZ Displacement 
(mm) 
1 1 11.25 0.273 
2 2 17.06 0.294 
3 3 24 0.183 
4 4 28.58 0.137 
5 5 29.33 0.266 
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The last reference to be considered in this section is [19]. There, the author 
calculates the torsional stiffness of the Mini Baja frame in 3D Experience R2018x 
platform. Mini Baja has been described as a design-based project for university students. 
FEA is usually an important part of this project. There are three options to mesh the 
vehicle frame. It can be meshed by solid, shell and beam elements as shown in Figure 
1.58. Although solid elements can give more precise stress result, it is computationally 
expensive. Therefore, shell elements seem to be the most appropriate one for being used 
in this project. This reference discusses the advantage and disadvantage of each element 
type and also the challenges of meshing the joints during the torsional stiffness analysis. 
 
Figure 1.58 CAD model of Mini-Baja skeleton and different mesh element options for the 
case in [19] 
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CHAPTER 2 
2 Natural Frequency Using Rigid Virtual Parts 
 
2.1. Objectives and Overview of Chapter 2 
Although static analysis case studies are available in the literature, there a need 
for more functional examples in dynamic analysis using virtual parts. Modal 
superposition is the method that Catia employs to solve dynamic analysis. Therefore, 
natural frequency analysis is a requirement to conduct further dynamic analysis. This 
chapter mainly discusses natural frequency analysis using virtual parts through a set of 
case studies for further dynamic analysis in the next two chapters. 
2.2. Case Studies 
This chapter considers eighteen case studies involving classical deformation 
modes called axial, bending and torsion for a simple part. Rigid Virtual Part is being used 
in half of the cases while the rest are modelled with the Rigid Spring Virtual Part. The 
first six geometries which will be discussed in 2.2.1 are shown in Figure 2.1. These are 
all fixed-free end conditions. For the case of axial and bending modes, the cross section is 
square, Whereas, for the torsional study, the cross section is circular. The primary 
difference between the case studies is the boundary conditions i.e. end restraints. In the 
cases discussed in 2.2.2, both ends are clamped while those in 2.2.3 all of them are free-
free ends. The material in all cases is assumed to be steel with the Young’s modulus E = 
200 GPa, and Poisson’s ratio υ = 0.266. The material density is taken to be ρ = 7860 
𝑘𝑔/𝑚3.  
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Considering the geometries shown in Figure 2.1, the actual total length of the bar 
is 𝐿 = 150 𝑚𝑚. This total length is consisting of two parts. 𝐿𝑀𝑃  =  100 𝑚𝑚 𝑎𝑛𝑑 𝐿𝑉𝑃  =
 50 𝑚𝑚. The subscripts “MP” and “VP” refer to the “Modeled Part” and “Virtual Part” 
respectively. Looking at Fig. 2.1, the “Modeled Part” is the solid grey color and the 
“Virtual Part” is the transparent grey color. 
 
 
Figure 2.1 Geometry and boundary conditions of the case studies considered 
 
As indicated earlier, in this chapter, both the Rigid and Rigid Spring Virtual Part 
are used. Therefore, the stiffness of the resulting spring needs to be estimated which can 
be done in relatively straightforward situations such as a one-dimensional geometry, 
under axial, bending, and torsional loading. To be more specific, the simple estimates 
based on elementary strength of material formulas are shown in Figure 2.2. This figure is 
only for illustrative purposes. The variables “G” and “E” are the shear and Young’s 
modulus respectively, whereas, “J” and “I” are the polar and bending moments of area. 
Furthermore, “A” is the cross-sectional area. If the length of the virtual part is represented 
by “ 𝐿𝑉𝑃”, and the left end of the actual part is clamped, the relevant stiffnesses are given 
in the Figure 2.2.  The spring constants can be translational and/or rotational in nature 
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and up to six such constants can be inputted in the appropriate dialogue box which is also 
provided in Figure 2.2. In more complex parts, these values can be specified by 
conducting simple experiments in a controlled environment. 
 
 
Figure 2.2 A generic, simplified problem for illustration purposes for the case studies 
considered 
 
2.2.1. Fixed-Free Cases 
The six cases below has been published in [8] and will be discussed in more 
details in this chapter. 
 
Case (a) Rigid Virtual Part, Axial Vibration 
The case below discusses axial vibration of 150 mm steel beam whose left end is 
clamped. The last right 50 mm portion has not been modeled and a Rigid Virtual Part is 
used instead. Although the location of the “Handler” point does not affect the analysis, in 
order to have uniformity with the other cases it is placed at the centroid of the virtual part. 
This means, it is placed at a distance of 125 mm from the fixed end. The mass of the 
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virtual part 𝑚𝑉𝑃  =  0.0393 𝑘𝑔. is calculated based on the density of the material and 
placed at the handler point of the Rigid Virtual part. 
 
 
Figure 2.3 Model used for Fixed-Free Case (a), “Rigid” virtual part, axial vibration [8] 
 
This particular problem has an analytical solution based on “Bar” theory with a lumped 
mass 𝑚𝑉𝑃 attached to the free end [20]. The natural frequencies can be calculated using 
the equation below, where 𝑐 = √
E
ρ
   
2𝜋𝑓𝑛𝐿𝑀𝑃
𝑐 
 𝑡𝑎𝑛 
2𝜋𝑓𝑛𝐿𝑀𝑃
𝑐
  =
 𝜌𝐴𝐿𝑀𝑃
 𝑚𝑉𝑃
                                  𝑤ℎ𝑒𝑟𝑒 𝑛 =  1 2 3 …  
The nth frequency has been normalized to have the units of Hz. The above theoretical 
frequencies are based on stress wave propagation i.e., solving the one-dimensional partial 
differential equation governing the deformation. 
To avoid a mesh convergence study, an extremely fine mesh of linear tetrahedron 
elements has been used which is also shown in Figure. 2.4. The rationale behind such a 
fine mesh is to eliminate the need for a mesh convergence study. This mesh has been 
maintained for all other analysis and case studies in the chapter. 
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Figure 2.4 The discretized mesh and the zoomed view for Fixed-Free Case (a), “Rigid” 
virtual part, axial vibration [8] 
 
The calculated first three natural frequencies associated with the axial vibration 
are given in the Table 2.1 below. The second column consists of the Catia v5 generated 
frequencies whereas the third column is the one calculated from the theoretical formula 
presented earlier. 
 
Table 2.1 Axial Frequencies of Vibration (Hz), for Fixed-Free Case (a), “Rigid” Virtual 
Part 
 Catia (Rigid) Theoretical Formula % Error 
Mode 1 8682 8645 0.42 % 
Mode 2  29364 29250 0.38 % 
Mode 3 52932 52810 0.23 % 
 
The FEA results are in excellent agreement with theory as reflected in the table. The 
deformation modes of the FEA calculations are also in good agreement with the 
theoretical ones but are not displayed due to the space limitations. 
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Figure 2.5 The single degree of freedom approximation for Fixed-Free Case (a), “Rigid” 
virtual part, axial vibration [8] 
 
Figure 2.5 displays a simple, single degree of freedom approximation to the 
problem under consideration. Here, the lumped mass associated with the virtual part is 
attached to the linear spring using a massless rigid bar as indicated. The stiffness of the 
spring is the same as the stiffness of the modeled portion of the bar. Namely, 𝑘𝑀𝑃  =
 𝐴𝐸
𝐿𝑀𝑃
 
The natural frequency of the DOF system is then given by 𝑓 = √
𝑘𝑀𝑃
𝑚𝑉𝑃+
𝑚𝑀𝑃
3
 . Using the 
data for the present problem, the frequency value estimated by this expression is f = 8795 
Hz which is a reasonable approximation to the value reported in table 2.1. 
 
Case (b) Rigid Spring Virtual Part, Axial Vibration 
In this model, a Rigid Spring Virtual Part is considered for the right 50 mm 
portion of the bar shown in Figure 2.6. The axial stiffness of this spring is calculated 
based on half the length of the virtual part, i.e. 0.5𝐿𝑉𝑃  =  25 𝑚𝑚. The rationale behind 
using 0.5𝐿𝑉𝑃 has to do with the fact that the mass of the virtual part is represented by a 
lumped value at the centroidal location. 
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Figure 2.6 Model used for Fixed-Free Case (b), “Rigid Spring” virtual part, , axial 
vibration [8] 
 
Although the location of the handler point was not important in the last case, it is relevant 
here because it effects the axial stiffness of the virtual part for this case. In the analysis 
below, because the lumped mass is placed at the centroid, the stiffness is calculated by  
𝑘𝑉𝑃 =  
𝐴𝐸
0.5𝐿𝑉𝑃
  =  8𝐸 + 8 𝑁/𝑚 . This value is based on the direction shown in Figure 2.2 
and should be inputted as depicted below. 
 
Figure 2.7 Specified spring stiffness for Fixed-Free Case (b), “Rigid Spring” virtual part, 
, axial vibration [8] 
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The calculated first three natural frequencies associated with the axial vibration using 
Rigid Spring Virtual Part is given in the Table 2.2. The details of the theoretical values 
are presented below [20]. 
The natural frequencies are computed from the expression  
𝑓𝑛  =  
(2𝑛 − 1)
 4𝐿
 √
𝐸
𝜌
                         𝑤ℎ𝑒𝑟𝑒 𝑛 = 1, 2, 3 …  
The frequency 𝑓𝑛 has been normalized to have the unit of Hz. Once again, the above 
theoretical frequencies are based on stress wave propagation i.e., solving the one-
dimensional partial differential equation. Furthermore, length of the bar is 𝐿 = 𝐿𝑀𝑃 +
𝐿𝑉𝑃 = 150 𝑚𝑚. Although the error increases at the higher modes, the result is still very 
satisfactory. 
Table 2.2 Axial Frequencies of Vibration (Hz), for Fixed-Free Case (b), “Rigid Spring” 
Virtual Part 
 Catia (Rigid Spring) Theoretical Formula % Error 
Mode 1 8331 8407 0.90 % 
Mode 2  24503 25220 2.84 % 
Mode 3 44182 42040 5.09 % 
 
Case (c) Rigid Virtual Part, Bending Vibration 
The bar under consideration is illustrated in Figure 2.1, with the clamped left end 
and free right end as in the cases (a) and (b) discussed earlier. The bending vibration in 
the Z-direction is of primary interest. Two cases are considered in the analysis. In the first 
example, the Rigid Virtual Part is used shown in Figure 2.8, followed by using Rigid 
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Spring Virtual Part in the next case. Since the theoretical solution to be used corresponds 
to transverse vibration (i.e. in Z-direction), the rotary inertia of the virtual part needs to be 
ignored. This issue is important enough that needs to be explained further. 
 
Figure 2.8 Model used for Fixed-Free Case (c), “Rigid” virtual part, bending vibration 
 
The original and the exaggerated deflected shape of the end 50 mm portion of the 
bar is shown in Figure 2.9. Note that in principle, the 50 mm section (the rigid virtual 
part) not only translates but also rotates. This not only leads to translational inertia due to 
displacement, but also rotary inertia due to X-axis rotation. In the present research, this 
rotary inertia which amounts to 
1
12
 𝑚𝑉𝑃 𝐿𝑉𝑃
2   is ignored without significantly the results 
(Euler Bernoulli formulation). 
 
Figure 2.9 The effect of translational and rotary inertia for bending vibration 
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For comparison purposes, a theoretical solution is not readily available in the 
literature. Furthermore, it is not a good idea to use the frequency formula available in the 
literature, which involve the total length of the beam being 150 mm, because the last 50 
mm is substantially more rigid. For assessment purposes, a reference finite element 
model using beam elements has been created in Catia. In the reference model, it is 
assumed that the latter 50 mm of the bar is rigid. Therefore, 20 beam elements are used to 
model the first 100 mm and 10 beam elements to model the end 50 mm displayed in 
Figure 2.10. All of these 30 elements have the true 10x10 mm cross section. However, 
the Young’s modulus of the end 50 mm is 100 times larger than that of steel used for the 
left 100 mm of the bar. The density of the shorter section is as same as steel. For all 
practical purposes, the shorter section is acting as a rigid bar.  
 
Figure 2.10 The model used as a reference for comparison purpose for Fixed-Free Case 
(c), “Rigid” virtual part, bending vibration [8] 
 
The mass of the right 50 mm section is directly taken into the consideration by 
using the actual density of steel. This is symbolically shown in Figure 2.10 as the 11 
lumped masses on this section which incidentally can be misleading. The calculated first 
three natural frequencies associated with the bending vibration are given in the Table 2.3. 
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The second column consists of the Catia v5 generated frequencies whereas the right 
column is the one calculated from the reference model described above in Figure 2.10. 
Table 2.3 Bending Frequencies of Vibration (Hz), for Fixed-Free Case (c), “Rigid” 
Virtual Part 
 Catia (Rigid) Reference Values % Error 
Mode 1 379 362 4.6 % 
Mode 2  2676 2365 13 % 
Mode 3 8409 7303 15 % 
 
The FEA results are in reasonable agreement with “Reference Values” as 
reflected in the Table 2.3. Although a 15% error is not large enough, it should be noted 
that the reference model itself is not as precise as a theoretical solution. In the case of 
bending, the position of the handler point affects the results. In the present analysis, the 
centroid of the virtual part is the most reasonable location for such a point. 
 
Case (d) Rigid Spring Virtual Part, Bending Vibration 
Geometrically speaking, this is the same problem considered in case (c) using 
Rigid Spring Virtual Part shown in Figure 2.11. In order to use this feature, the transverse 
stiffness of the virtual part has to be calculated. This is easily estimated from the 
expression 𝑘 𝑉𝑃,𝑇𝑧 =
3𝐸𝐼
(0.5𝐿𝑉𝑃)3
 , 𝑘𝑉𝑃,𝜃𝑥 =  
𝐸𝐼
0.5𝐿𝑉𝑃
  readily available in strength of materials 
textbooks. The mass is the translational mass of the virtual part as discussed earlier.  
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Figure 2.11 Model used for Fixed-Free Case (d), “Rigid Spring” virtual part, bending 
vibration 
 
The translational spring stiffness in the “Z” direction is calculated as  𝑘𝑉𝑃,𝑧  =
 
3𝐸𝐼
(0.5𝐿𝑉𝑃)3
  =  3.2𝐸 + 7 𝑁/𝑚 . The rotational spring stiffness about the “X” axis is given 
by 𝑘𝑉𝑃,𝜃𝑥 =  
𝐸𝐼 
0.5𝐿𝑉𝑃
 =  6.67𝐸 + 3 𝑁. 𝑚/𝑟𝑎𝑑. These values will be inputted in the Rigid 
Spring Virtual Part dialogue box. 
As far as a theoretical solution, it can be found in standard vibration textbooks 
[20], [21]. The first three transverse frequencies are given by:  
𝑓𝑛 =
(𝛽𝑛𝐿)
2
2𝜋
  √
𝐸𝐼
𝜌𝐴𝐿4
   
Where 𝛽1𝐿 =  1.875, 𝛽2𝐿 =  4.694,   𝛽3𝐿 =  7.855  
The length L is the total length, namely 𝐿 =  𝐿𝑀𝑃  +  𝐿𝑉𝑃 =  150 𝑚𝑚 . It is worth 
mentioning that the above three frequencies are actually the first three roots of a 
frequency equation given by  
𝑐𝑜𝑠(𝛽𝑛𝐿) 𝑐𝑜𝑠ℎ(𝛽𝑛𝐿)  +  1 =  0    where 𝑛 = 1 2 3 … ..  
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The term cosh (𝑥) is the well known hyperbolic trigonometric function expressed by 
 𝑐𝑜𝑠ℎ(𝑥)  =  
𝑒𝑥 + 𝑒−𝑥
2
 
The calculated first three natural frequencies associated with the bending vibration using 
the “Rigid Spring” virtual parts are given in the Table 2.4 which are recorded in the 
second column. The third column is the theoretical values discussed immediately above. 
Table 2.4 Bending Frequencies of Vibration (Hz), for Fixed-Free Case (d), “Rigid 
Spring” Virtual Part 
 Catia       
(Rigid 
Spring) 
Theoretical 
Formula 
Theoretical 
% Error 
Fully 3D 
FEA 
Analysis 
FEA 
Analysis 
% Error 
Mode 1 378 362 4.41 % 372 1.61 % 
Mode 2  2613 2270 15.11 % 2283 14.45 % 
Mode 3 8014 6355 26.10 % 6202 29.21 % 
 
The entries in the second last column, namely column 5 are the Catia results 
based on the full, three-dimensional analysis of the entire bar with length of 150 mm.  In 
the “Theoretical % Error” column the theoretical values are used as reference values 
while in the “FEA Analysis % Error” the full model Catia model result are used as the 
reference values. Note that there is a significant difference between the “Rigid Spring” 
virtual part calculations and the latter two columns in higher modes. The deformation 
modes of the FEA calculations are in reasonable agreement with the theoretical ones. The 
deformation for the first mode of both Rigid Spring Virtual Part model and fully 3D FEA 
model are shown in Figure 2.12. 
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Figure 2.12 The deformation for the first mode of Rigid Spring Virtual Part model on top 
and fully 3D FEA model on the bottom for Fixed-Free Case (d), “Rigid Spring” virtual 
part, bending vibration 
 
Case (e) Rigid Virtual Part, Torsional Vibration 
In engineering applications, shafts and particularly shafts with a uniform cross 
section are the most common components for transferring power. Shafts have the 
important property that their circular cross sections remain planar and do not warp in 
torsion. Due to their widespread applications, the twisting vibration of such parts is of 
great significance.  
The part under consideration is a shaft of length 𝐿=150 𝑚𝑚 with a circular cross 
section of radius 𝑅=10 𝑚𝑚. This is displayed in Figure 2.13. The first 𝐿𝑀𝑃 = 100 𝑚𝑚 of 
the shaft is modeled with linear tetrahedron solid elements and the other 50 mm is a Rigid 
Virtual Part shown in Figure 2.13. Although the exact location of the handler point is not 
important while using Rigid Virtual Part, for the sake of consistency, the handler point is 
positioned at the centroid of the right portion 
In the case of pure torsion, the translational mass of the virtual part does not contribute to 
the analysis, whereas its rotary inertia about the Y-axis is the determining factor. The 
value of the rotary inertia is calculated below.  
𝐽𝑉𝑃,𝜃𝑦 =
1
2
𝑚𝑉𝑃𝑅
2 =
𝜋
2
𝜌𝐿𝑉𝑃𝑅
4 = 6.17𝐸 − 6 𝑘𝑔. 𝑚2 
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Figure 2.13 Model used for Fixed-Free Case (e), “Rigid” virtual part, torsional vibration 
 
The theoretical solution of this problem is based on a frequency equation which 
closely resembles that of “Rigid” virtual part in axial vibration. Similar to that situation, 
the length of the bar in torsion is based on the modeled portion, i.e. 𝐿MP. In fact, the 
theoretical solution describes a 100 mm bar which is clamped at one end and connected 
to a lumped mass on the other end. 
The natural frequencies are computed from the equation below, where 𝑐 = √
𝐺
𝜌
  
2𝜋𝑓𝑛𝐿𝑀𝑃
𝑐
𝑡𝑎𝑛
2𝜋𝑓𝑛𝐿𝑀𝑃
𝑐
=
𝜌𝐴𝐿𝑀𝑃
𝑚𝑉𝑃
         𝑤ℎ𝑒𝑟𝑒 𝑛 =  1,2, 3 …  
The frequency 𝑓𝑛 has been normalized to have the units of Hz.  The first three 
natural frequencies associated with the torsional vibration are given in the Table 2.5. The 
second column consists of the Catia generated values frequencies whereas the third 
column is the one calculated from the already presented theoretical formula considering 
𝐿𝑀𝑃 = 100 𝑚𝑚 . The agreement is just about perfect as recorded in the table. Such 
perfect matches and zero percent errors are strictly coincidental and in general do not take 
place in numerical simulation. 
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Table 2.5 Torsional Frequencies of Vibration (Hz), for Fixed-Free Case (e), “Rigid” 
Virtual Part 
 Catia (Rigid) Reference Values % Error 
Mode 1 5433 5433 0 % 
Mode 2  18383 18380 0.02 % 
Mode 3 33190 33190 0 % 
 
Case (f) Rigid Spring Virtual Part, Torsional Vibration 
The geometry is identical to the previous case; however, the torsional stiffness of 
the virtual parts is included. The first requirement here is to estimate the torsional 
stiffness of Virtual Part as displayed in Figure 2.14. 
 
Figure 2.14 Model used for Fixed-Free Case (f), “Rigid Spring” virtual part, torsional 
vibration 
 
The stiffness of this torsional spring is based on elementary strength of materials 
formulas and given by 𝑘𝑉𝑃,𝜃𝑦 =
𝐺𝐽
0.5𝐿𝑉𝑃
. Note that the length, 0.5𝐿𝑉𝑃 is used as the rest of 
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the spring which is the last 25 mm and is not engaged and primarily goes for a ride. In 
this expression, J is the cross sectional polar moment of inertia given by 𝐽 =
𝜋
2
𝑅4, where 
R is the shaft radius. As for the mass of the virtual part, due to the torsional motion, its 
rotary inertia is of significance. This inertia is calculated from 𝐽𝑉𝑃,𝜃𝑦 =
1
2
𝑚𝑉𝑃𝑅
2. Due to 
the absence of the translational motion of the mass 𝑚VP, its contribution only appears as 
𝐽𝑉𝑃,𝜃𝑦. Using the data provided in the problem, the following estimates are arrived at. 
𝑚𝑉𝑃 = 𝜌𝐿𝑉𝑃𝜋 𝑅
2 = 0.123 𝐾𝑔 
 𝐽𝑉𝑃,𝜃𝑦 =
1
2
𝑚𝑉𝑃𝑅
2 =
1
2
0.123(0.01)2 = 6.17𝐸 − 6 𝑘𝑔. 𝑚2 
𝑘𝑉𝑃,𝜃𝑦 =  
𝐺𝐽
0.5𝐿𝑉𝑃
= 9.93𝐸 + 4 𝑁. 𝑚/𝑟𝑎𝑑  
G, the shear modulus is calculated from  𝐺 =
𝐸
2(1+𝜈)
 ,  where 𝜈=0.266 is the 
Poisson’s ratio for steel which is the material for all cases in this chapter. The information 
calculated above should be inputted in Catia software as a mass & inertia which is 
applied to the Rigid Spring Virtual Part. 
The calculated first three natural frequencies associated with the torsional 
vibration using the Rigid Spring Virtual Part are given in the Table 2.6 which are 
recorded in the second column. The third column are the theoretical values based on 
solutions in the basic strength of material formulas. The theoretical torsional natural 
frequencies are computed from the expression below 
𝑓𝑛 =
(2𝑛 − 1)
4𝐿
√
𝐺
𝜌
                          𝑤ℎ𝑒𝑟𝑒 𝑛 =  1, 2, 3 …  
The frequency 𝑓𝑛 has been normalized to have the units of Hz. Furthermore, the length L 
is based 𝑜𝑛 𝐿 = 𝐿𝑀𝑃 + 𝐿𝑉𝑃 = 150 𝑚𝑚. 
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The entries in the second last column, namely column 5 are the Catia results 
based on the full, three-dimensional analysis of the entire bar with length of 150 mm.  In 
the “Theoretical % Error” column, the theoretical values are used as reference values 
while in the “FEA Analysis % Error” column the full Catia model result are used as the 
reference values. 
Table 2.6 Torsional Frequencies of Vibration (Hz), for Fixed-Free Case (f), “Rigid 
Spring” Virtual Part 
 Catia       
(Rigid 
Spring) 
Theoretical 
Formula 
Theoretical 
% Error 
Fully 3D 
FEA 
Analysis 
FEA 
Analysis 
% Error 
Mode 1 5323 5283 0.75 % 5283 0.75 % 
Mode 2  16777 15850 5.84 % 15850 5.84 % 
Mode 3 29486 26420 11.60 % 26418 11.61 % 
 
Although the first two modes are in reasonable agreement with each other, the relative 
error is high in the third mode.   
 
2.2.2. Fixed-Fixed Cases 
The next six cases involve the same classical deformation modes under fixed-
fixed boundary condition. Hence, a different strategy of using Virtual Parts for the last 50 
mm of the bar is necessary. 
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Case (a) Rigid Virtual Part, Axial Vibration 
The case below discusses axial vibration of 150 mm steel beam whose both ends 
are clamped. The last right 50 mm portion has not been modeled but it has been replaced 
with two Rigid Virtual Parts each of length 25mm as shown in Figure 2.15.  
 
Figure 2.15 Model used for Fixed-Fixed Case (a), “Rigid” virtual part, Axial vibration 
 
For this purpose, two coincident nodes (i.e. identical coordinates) have been created at 
125 mm distant from the left end at the centroidal location. These nodes are used as the 
“Handler Points” of the Rigid Virtual Parts and a “Rigid Connection” is defined to make 
them behave identically from the kinematic point of view. The right face of the modelled 
portion has been used as the support for the first Rigid Virtual Part. For the second Rigid 
Virtual Part, a support has been created in Wireframe and Surface Design Workbench at 
the 150 mm from the left end of the model and is clamped to satisfy the boundary 
condition. The mass of each virtual part 𝑚𝑉𝑃  =  0.0196 𝑘𝑔. is calculated based on the 
density of the material and placed at each Rigid Virtual part. The Catia model is 
displayed in Figure 2.16. Note that the total mass of the 50mm right segment is 0.0392 
kg. 
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Figure 2.16 Catia Model used for Fixed-Fixed Case (a), “Rigid” virtual part, axial 
vibration 
 
This particular problem has an analytical solution which can be found in [22]. The 
natural frequencies can be calculated using the equation below, where 𝑐 = √
E
ρ
   
𝑓𝑛 =
𝑛𝑐
2𝐿
                                  𝑤ℎ𝑒𝑟𝑒 𝑛 =  1 2 3 …  
The nth frequency 𝑓𝑛 has been normalized to have the units of Hz. The length of the bar 
on the axial vibration is based on the modeled portion, i.e.  𝐿 = 𝐿MP . In fact, the 
theoretical solution describes a 100 mm bar which is clamped at both ends because the 
last 50 mm behaves rigidly and is clamped at the right end. Therefore, practically, it is a 
100 mm steel bar, clamped at both ends. The calculated first three natural frequencies 
associated with the axial vibration are presented in the Table 2.7. The second column 
consists of the Catia v5 generated frequencies whereas the third column is the one 
calculated from the theoretical formula discussed earlier. 
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Table 2.7 Axial Frequencies of Vibration (Hz), for Fixed-Fixed Case (a), “Rigid” Virtual 
Part 
 Catia (Rigid) Theoretical Formula % Error 
Mode 1 25327 25220 0.42 % 
Mode 2  50569 50440 0.26 % 
Mode 3 75630 75660 0.04 % 
 
The FEA results are in excellent agreement with theory as reflected in the table and the 
maximum error is even less than half a percent. The deformation modes of the FEA 
calculations are also in good agreement with the theoretical ones but are not displayed 
due to the space limitations. 
 
Case (b) Rigid Spring Virtual Part, Axial Vibration 
The next fixed-fixed case considered is the same bar as the previous one with only 
one difference. Although the right side of the part is not modelled, its axial stiffness is 
considered by using a Rigid Spring Virtual part. In this model, two 25 mm Rigid Spring 
Virtual Parts are considered shown in Figure 2.17. Once again, two coincident nodes with 
identical coordinates have been created at the centroidal location of the right end. These 
nodes are used as the “Handler Points” of the Rigid Virtual Parts and a “Rigid 
Connection” is defined between the nodes to make them behave identically from a 
kinematic point of view. As in case (a), the right face of the modelled portion has been 
used as the support for the first Rigid Virtual Part. For the second Rigid Virtual Part, a 
surface has been created in Wireframe and Surface Design Workbench at the 150 mm 
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from the left end of the model and is clamped to satisfy the boundary condition as shown 
in Figure 2.18. The axial stiffness of each spring is calculated based on half the length of 
the virtual part, i.e. 0.5𝐿𝑉𝑃  =  25 𝑚𝑚. The mass of the virtual parts is represented by 
two lumped masses 𝑚𝑉𝑃  =  0.0196 𝑘𝑔 at the centroidal locations. 
 
Figure 2.17 Model used for Fixed-Fixed Case (b), “Rigid Spring” virtual part, , axial 
vibration 
 
Figure 2.18 Catia Model used for Fixed-Fixed Case (b), “Rigid Spring” virtual part, axial 
vibration 
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As the “Handler Points” are located in the middle, the series stiffness is calculated as 
shown below 𝑘𝑉𝑃 =  
𝐴𝐸
0.5𝐿𝑉𝑃
  =  8𝐸 +  8 𝑁/𝑚 . This value based on the direction shown 
in Figure 2.17, should be inputted for both Rigid Spring Virtual Parts as depicted in 
Figure 2.19. 
 
Figure 2.19 Specified spring stiffness for Fixed-Fixed Case (b), “Rigid Spring” virtual 
part, axial vibration 
 
The same analytical solution as in the previous case from the literature is used, 
however, the stiffness on virtual portion is considered. Therefore  𝐿 = 𝐿MP + 𝐿𝑉𝑃 , is 
inputted in the formula from the basic engineering vibration books [22]. The natural 
frequencies can be calculated using the equation below, where 𝑐 = √
E
ρ
   
𝑓𝑛 =
𝑛𝑐
2𝐿
                                  𝑤ℎ𝑒𝑟𝑒 𝑛 =  1 2 3 …  
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The nth frequency has been normalized to have the units of Hz. The theoretical solution 
describes a 150 mm bar which is clamped at both ends. 
The calculated first three natural frequencies associated with the axial vibration 
using the Rigid Spring Virtual Parts are presented in the Table 2.8 which are recorded in 
the second column. The third column are the theoretical values discussed above. 
Table 2.8 Axial Frequencies of Vibration (Hz), for fixed-fixed Case (b), “Rigid Spring 
Virtual Part” 
 Catia       
(Rigid 
Spring) 
Theoretical 
Formula 
Theoretical 
% Error 
Fully 3D 
FEA 
Analysis 
FEA 
Analysis 
% Error 
Mode 1 16923 16810 0.67 % 16863 0.36 % 
Mode 2  29161 33630 13.29 % 33700 13.47 % 
Mode 3 44647 50440 11.48 % 50486 11.57 % 
 
The entries in the second last column, namely column 5 are the Catia results 
based on the full, three-dimensional analysis of the both ends of the 150 mm bar are 
clamped.  In the “Theoretical % Error” column the theoretical values are used as 
reference values while in the “FEA Analysis % Error” the full model Catia model result 
are used as the reference values. Although both errors increase in higher modes, the result 
is still trustworthy. The deformation modes of the FEA calculations are in reasonable 
agreement with the theoretical ones. The front view of the deformation for the first mode 
of both Rigid Spring Virtual Part model and fully 3D FEA model are shown in Figure 
2.20. 
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Figure 2.20 The deformation for the first mode of Rigid Spring Virtual Part model on top 
and fully 3D FEA model on the bottom for fixed-fixed Case (b), “Rigid Spring” virtual 
part, axial vibration 
 
Case (c) Rigid Virtual Part, Bending Vibration 
The bar under consideration is illustrated in Figure 2.21, which is clamped at the 
both ends as in the other cases discussed previously in this section. The bending vibration 
in the Z-direction is of primary interest. In this example, two Rigid Virtual Part are used 
to represent the last 50 mm of the bar which is considered to be substantially more rigid 
than the rest of the bar. The process behind modeling of the latter 50 mm of the bar is 
identical to the axial case. Namely, creating two 25 mm Rigid Virtual Parts sharing 
coincident 25mm virtual parts handler points. The calculated mass of each virtual part as 
axial cases 𝑚𝑉𝑃  =  0.0196 𝑘𝑔 placed at each Rigid Virtual part. The Catia model is the 
same with fixed-fixed case (a) which was displayed in Figure 2.16. As the theoretical 
solution to be used for comparison purposes corresponds to transverse vibration (i.e. in Z-
direction), the rotary inertia of the virtual part needs to be ignored. This was already 
discussed in the present chapter and Figure 2.9. 
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Figure 2.21 Model used for fixed-fixed Case (c), “Rigid Virtual Part”, bending vibration 
 
As far as a theoretical solution provided in [22], the first three transverse 
frequencies are given by:  
𝑓𝑛 =
𝛽𝑛
2  
2𝜋
√
𝐸𝐼
𝜌𝐴𝐿4
   
Where 𝛽1𝐿 =  4.73004074, 𝛽2𝐿 =  7.85320462,   𝛽3𝐿 =  10.9956079  
The length of the bar for the bending vibration is based on the modeled portion, i.e. 𝐿 =
𝐿MP. In fact, the theoretical solution describes a 100 mm bar which is clamped at both 
ends because the last 50 mm behaves rigidly and is clamped at the right end. Therefore, 
practically, it is a 100 mm steel bar, clamped at both ends under bending. It is worth 
mentioning that the above three frequencies are the first three roots of a frequency 
equation given by:  
𝑐𝑜𝑠(𝛽𝑛𝐿)𝑐𝑜𝑠ℎ(𝛽𝑛𝐿) −  1 =  0    where 𝑛 = 1 2 3 … ..  
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The term cosh (𝑥) is the well known hyperbolic trigonometric function expressed by 
 𝑐𝑜𝑠ℎ(𝑥)  =  
𝑒𝑥 + 𝑒−𝑥
2
 
The calculated first three natural frequencies associated with the bending vibration using 
two Rigid Virtual Parts are given in the Table 2.9 which are recorded in the second 
column. The third column are the theoretical values discussed above. 
Table 2.9 Bending Frequencies of Vibration (Hz), for fixed-fixed Case (c), Rigid Virtual 
Part 
 Catia (Rigid) Theoretical Formula % Error 
Mode 1 5044 5185 2.72 
Mode 2  12918 14290 9.60 
Mode 3 23384 28020 16.55 
 
Although the error is small in the first mode, it increases in higher modes. In 
general, the result can be considered satisfactory. The front view of the deformation for 
the first mode of Rigid Virtual Part model is shown in Figure 2.22. 
 
Figure 2.22 The deformation for the first mode of Rigid Virtual Part model o for fixed-
fixed Case (s), Rigid Virtual Part, bending vibration 
 
Case (d) Rigid Spring Virtual Part, Bending Vibration 
The case considered is the same bar as the previous one taking into account the 
stiffness of the right portion by using two Rigid Spring Virtual parts following the same 
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strategy used in the previous fixed-fixed cases shown in Figure 2.23. The Catia model is 
the same as the model used for fixed-fixed case (b) already shown in Figure 2.18. The 
only difference with case (b) is the value of the data which is inputted as the stiffness of 
the Rigid Spring Virtual Parts. 
 
Figure 2.23 Model used for fixed-fixed Case (d), Rigid Spring Virtual Part, bending 
vibration 
 
The translational spring stiffness in the “Z” direction for each Rigid Spring Virtual Part is 
calculated as  𝑘𝑉𝑃,𝑧  =  
3𝐸𝐼
(0.5𝐿𝑉𝑃)3
  =  3.2𝐸 + 7 𝑁/𝑚 . The rotational spring stiffness about 
the “X” axis is also given by 𝑘𝑉𝑃,𝜃𝑥 =  
𝐸𝐼 
0.5𝐿𝑉𝑃
 =  6.67𝐸 + 3 𝑁. 𝑚/𝑟𝑎𝑑. These values are 
being used in the Rigid Spring Virtual Parts dialogue boxes as shown in Figure 2.24. The 
mass of the virtual parts is represented by two lumped values 𝑚𝑉𝑃  =  0.0196 𝑘𝑔 at the 
centroidal locations. This means that the total mass of the right 50 mm portion is 0.0329 
kg. 
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Figure 2.24 Specified spring stiffness for fixed-fixed Case (b), Rigid Spring Virtual Part, 
bending vibration 
 
The same analytical solution with the previous case from the literature is used. 
The only difference being that the stiffness of virtual portion is also considered here. 
Therefore,  𝐿 = 𝐿MP + 𝐿𝑉𝑃 = 150 𝑚𝑚, is inputted in the formula mentioned in [22]. The 
first three transverse frequencies are given by:  
𝑓𝑛 =
𝛽𝑛
2
2𝜋
  √
𝐸𝐼
𝜌𝐴𝐿4
   
Where 𝛽1𝐿 =  4.73004074, 𝛽2𝐿 =  7.85320462,   𝛽3𝐿 =  10.9956079  
The nth frequency has been normalized to have the units of Hz. The theoretical solution 
describes a 150 mm beam with both ends clamped under bending. The calculated first 
three natural frequencies associated with the bending vibration using the Rigid Spring 
Virtual Parts are presented in the second column of Table 2.10. The third column are the 
theoretical values discussed above. 
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Table 2.10 Bending Frequencies of Vibration (Hz), for fixed-fixed Case (d), Rigid Spring 
Virtual Part 
 Catia       
(Rigid 
Spring) 
Theoretical 
Formula 
Theoretical 
% Error 
Fully 3D 
FEA 
Analysis 
FEA 
Analysis 
% Error 
Mode 1 2449 2305 6.25 % 2311 5.97 % 
Mode 2  4708 6352 25.88 % 6145 23.38 % 
Mode 3 8130 12450 34.70 % 11532 29.50 % 
 
The entries in the “Fully 3D FEA Analysis” column, are the Catia results based 
on the full, three-dimensional analysis of a 150 mm bar with both ends clamped.  In the 
“Theoretical % Error” column, the theoretical values are used as reference values while 
in the “FEA Analysis % Error”, the full model Catia model result are used as the 
reference values. One can see that the errors are significant between the first and the latter 
two columns in higher modes. The front view of the deformation for the first mode of the 
Rigid Spring Virtual Part model and fully 3D FEA model are shown in Figure 2.25. 
 
Figure 2.25 The deformation for the first mode of Rigid Spring Virtual Part model on top 
and fully 3D FEA model on the bottom for fixed-fixed Case (d), Rigid Spring Virtual 
Part, bending vibration 
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Case (e) Rigid Virtual Part, Torsional Vibration 
The part depicted in Figure 2.26 is a shaft of length 𝐿=150 𝑚𝑚 with a circular 
cross section of radius 𝑅=10 𝑚𝑚. The first 𝐿𝑀𝑃 = 100 𝑚𝑚 of the shaft is modeled with 
linear solid elements and the remaining 50 mm is modeled using two Rigid Virtual Parts. 
 
 
Figure 2.26 Model used for fixed-fixed Case (e), Rigid Virtual Part, Torsional vibration 
 
As in the other fixed-fixed cases, it is necessary to use two nodes with the same 
coordinates at centroid of the right portion which are rigidly connected. Moreover, the 
clamped support of the right Rigid Virtual part is also created in Wireframe and Surface 
Design Workbench. In this torsional case, the translational mass of the virtual part does 
not contribute to the analysis, whereas its rotary inertia about the Y-axis is the 
determining factor. The value of the rotary inertia for each Virtual Part is calculated 
below and is inputted in the dialogue box shown in Figure 2.27. Moreover, the Catia 
model of this case is presented in Figure 2.28. 
𝐽𝑉𝑃,𝜃𝑦 =
1
2
𝑚𝑉𝑃𝑅
2 =
𝜋
2
𝜌
𝐿𝑉𝑃
2
𝑅4 = 3.087𝐸 − 6 𝑘𝑔. 𝑚2 
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Figure 2.27 Specified mass and inertia for fixed-fixed Case (e), Rigid Virtual Part, 
torsional vibration 
 
Figure 2.28 Catia model used for Fixed-Fixed Case (e), Rigid Virtual Part, torsional 
vibration 
 
This problem has an analytical solution presented basic engineering vibration 
books such as [22]. The natural frequencies can be calculated using the equation below, 
where 𝑐 = √
Gγ
ρJ
  and 𝛾 =
𝜋𝑅4
2
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𝑓𝑛 =
𝑛𝑐
2𝐿
                                  𝑤ℎ𝑒𝑟𝑒 𝑛 =  1 2 3 …  
𝑘𝑉𝑃,𝜃𝑦 =  
𝐺𝐽
0.5𝐿𝑉𝑃
= 9.93𝐸 + 4 𝑁. 𝑚/𝑟𝑎𝑑  
G, the shear modulus is calculated from the below expression:  
𝐺 =
𝐸
2(1+𝜈)
 ,  where 𝜈=0.266 is the Poisson’s ratio for steel. 
The nth frequency has been normalized to have the units of Hz. The length of the bar on 
the torsional vibration is based on the modeled portion, i.e. 𝐿 = 𝐿MP. In principle, a bar of 
100 mm length with both ends fixed is under pure torsion. The calculated first three 
natural frequencies associated with the torsional vibration are presented in the Table 2.11. 
The second column consists of the Catia v5 generated frequencies whereas the third 
column is the one calculated from the theoretical formula discussed earlier. 
Table 2.11 Torsional Frequencies of Vibration (Hz), for Fixed-Fixed Case (e), Rigid 
Virtual Part 
 Catia (Rigid) Theoretical Formula % Error 
Mode 1 15850 15850 0 % 
Mode 2  31701 31700 0 % 
Mode 3 47552 47550 0 % 
 
The agreement is just about perfect as presented in the table. Note that such perfect 
matches and zero percent errors are strictly coincidental which generally do not take 
place in numerical simulation. The isometric view of the deformation for the second 
mode of Rigid Virtual Part model is shown in Figure 2.29. 
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Figure 2.29 The deformation for the second mode of Rigid Virtual Part model for fixed-
fixed Case (e), Rigid Virtual Part, torsional vibration 
 
Case (f) Rigid Spring Virtual Part, Torsional Vibration 
This is essentially the same problem considered in case (e) except that the Rigid 
Spring Virtual Parts are used for the last right 50 mm portion as presented in Figure 2.30. 
The next requirement here is to estimate the torsional stiffness of the Virtual Parts 
displayed in Figure 2.30. 
 
Figure 2.30 Model used for fixed-fixed Case (f), Rigid Spring Virtual Part, torsional 
vibration 
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The stiffness of each torsional spring is based on strength of materials formulas 
and given by 𝑘𝑉𝑃,𝜃𝑦 =
𝐺𝐽
0.5𝐿𝑉𝑃
. where, J is the cross sectional polar moment of inertia 
given by 𝐽 =
𝜋
2
𝑅4, R being the shaft radius. As for the mass of the virtual part, due to the 
torsional motion, only its rotary inertia is considered. This inertia is computed from 
𝐽𝑉𝑃,𝜃𝑦 =
1
2
𝑚𝑉𝑃𝑅
2  which is used for each virtual part. Due to the absence of the 
translational motion of the mass 𝑚VP, its value only appears as a part of 𝐽𝑉𝑃,𝜃𝑦. Using the 
data provided in the problem: 
𝑚𝑉𝑃 = 𝜌
𝐿𝑉𝑃
2
𝜋 𝑅2 = 0.0615 𝐾𝑔 
 𝐽𝑉𝑃,𝜃𝑦 =
1
2
𝑚𝑉𝑃𝑅
2 =
1
2
0.0615(0.01)2 = 3.087𝐸 − 6 𝑘𝑔. 𝑚2 
𝑘𝑉𝑃,𝜃𝑦 =  
𝐺𝐽
0.5𝐿𝑉𝑃
= 9.93𝐸 + 4 𝑁. 𝑚/𝑟𝑎𝑑  
G, the shear modulus is calculated from the below expression:  
𝐺 =
𝐸
2(1+𝜈)
 ,  where 𝜈=0.266 is the Poisson’s ratio for steel. The information 
calculated above should be inputted in Catia software as a mass and inertia which is 
applied to the Rigid Spring Virtual Part. The dialogue boxes of Rigid Spring Virtual Part 
and Mass and Inertia are displayed in Figure 2.31. 
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Figure 2.31 Specified spring stiffness at left and Specified mass and inertia at right for 
fixed-fixed Case (f), Rigid Spring Virtual Part, torsional vibration 
 
The same analytical solution as in the previous case is used where  𝐿 = 𝐿MP +
𝐿𝑉𝑃 = 150 𝑚𝑚 ,  inputted in the formula from [22]. The natural frequencies can be 
calculated using the equation below, where 𝑐 = √
Gγ
ρJ
  and 𝛾 =
𝜋𝑅4
2
  
𝑓𝑛 =
𝑛𝑐
2𝐿
                                  𝑤ℎ𝑒𝑟𝑒 𝑛 =  1 2 3 …  
𝑘𝑉𝑃,𝜃𝑦 =  
𝐺𝐽
0.5𝐿𝑉𝑃
= 9.93𝐸 + 4 𝑁. 𝑚/𝑟𝑎𝑑  
G, the shear modulus is calculated from the expression below;  
𝐺 =
𝐸
2(1+𝜈)
 ,  where 𝜈=0.266 is the Poisson’s ratio for steel. The frequency 𝑓𝑛 
has been normalized to have the units of Hz. The theoretical solution describes a 150 mm 
bar which is clamped at both ends. The calculated first three natural frequencies 
associated with the torsional vibration using the Rigid Spring Virtual Parts are presented 
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in the Table 2.12 which are presented in the second column. The third column are the 
theoretical values discussed. 
Table 2.12 Torsional Frequencies of Vibration (Hz), for fixed-fixed Case (f), Rigid 
Spring Virtual Part 
 Catia       
(Rigid 
Spring) 
Theoretical 
Formula 
Theoretical 
% Error 
Fully 3D 
FEA 
Analysis 
FEA 
Analysis 
% Error 
Mode 1 12573 10570 18.95 % 10779 16.64 % 
Mode 2  22091 21130 4.55 % 21560 2.46 % 
Mode 3 31187 31700 1.62 % 32344 3.58 % 
 
The data in the second last column, namely column 5 are the Catia results based 
on the full, three-dimensional analysis of the both side clamped entire bar with length of 
150 mm. Although both errors are surprisingly not small in the first mode, other modes 
are in a good agreement with theory and full FEA model results.  
 
2.2.3. Free-Free Cases 
The final six cases involve the same classical deformation modes under free-free 
boundary condition for a 150 mm steel bar namely, axial, bending and torsional. 
Therefore, 25 mm of each side of the bar is replaced by virtual parts which are discussed 
in more details later. 
 
 83 
 
Case (a) Rigid Virtual Part, Axial Vibration 
The case below discusses axial vibration of 150 mm steel beam whose both ends 
are free. The first 25 mm portion of each side has not been modeled and two Rigid 
Virtual Parts are used instead as shown in Figure 2.32.  
 
 
Figure 2.32 Model used for Free-Free Case (a), Rigid Virtual Part, axial vibration 
 
Although the locations of the “Handler” points do not affect the analysis, to have 
uniformity with the other cases it is placed at the centroid of each virtual portion where is 
12.5 mm away from each end of the modeled portion. The mass of each virtual part 
𝑚𝑉𝑃  =  0.0196 𝑘𝑔 is calculated based on the density of the material and placed at each 
Rigid Virtual Part of length 25 mm. The Catia model is displayed in Figure 2.33. 
 84 
 
 
Figure 2.33 Catia Model used for Free-Free Case (a), Rigid Virtual Part, axial vibration 
 
Although there is no theoretical solution readily available in the literature, a 
reference finite element model using only beam elements is created in Catia. Here, 20 
beam elements are used to model the middle 100 mm portion and 5 beam elements to 
model each 25mm end, displayed in Figure 2.34.  These 30 elements have the true 10x10 
mm cross section. However, the Young’s modulus of both 25 mm ends are 100 times 
larger than the density of steel. The density of the shorter section is as same as steel. In 
essence, the right and the left portions behave as rigid bars. 
 
Figure 2.34 The model used as a reference for comparison purpose for Free-Free Case 
(a), Rigid Virtual Part, axial vibration 
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The mass of each 25 mm section is directly taken into the consideration by using 
the actual density of steel. This is symbolically shown in Figure 2.34 as the 10 lumped 
masses on these portions. The calculated first three natural frequencies associated with 
the axial vibration are given in the Table 2.13. The second column consists of the Catia 
v5 generated frequencies whereas the right column is the one calculated from the 
reference model described. The FEA results are in excellent agreement with “Reference 
Values” as reflected in the Table. The isometric view of the deformation of the first mode 
of the case is also depicted in Figure 2.35. 
Table 2.13 Axial Frequencies of Vibration (Hz), for Free-Free Case (a), Rigid Virtual 
Part 
 Catia (Rigid) Reference Values % Error 
Mode 1 17337 17290 0.27 % 
Mode 2  36844 36775 0.19 % 
Mode 3 58573 58692 0.20 % 
 
 
Figure 2.35 The deformation for the first mode of Rigid Virtual Part model for Free-Free 
Case (a), Rigid Virtual Part, axial vibration 
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Case (b) Rigid Spring Virtual Part, Axial Vibration 
In this model, a Rigid Spring Virtual Part is considered for each 25mm end of the 
bar shown in Figure 2.36. The axial stiffness of this spring for each Rigid Spring Virtual 
Part is calculated based on half the length of them, i.e. 0.5𝐿𝑉𝑃  =  12.5 𝑚𝑚 . The 
rationale behind using 0.5𝐿𝑉𝑃 has do with the fact that the mass of each virtual part is 
represented by a lumped value at the centroidal location. 
 
Figure 2.36 Model used for Free-Free Case (b), Rigid Spring Virtual Part, , axial 
vibration 
 
The location of the “Handler” point is important to calculate the axial stiffness of the 
virtual part for this case. In the analysis below, because the lumped mass is placed at the 
centroid, the stiffness is calculated as shown below 𝑘𝑉𝑃 =  
𝐴𝐸
0.5𝐿𝑉𝑃
  =  1.6𝐸 +  9 𝑁/𝑚 . 
This value based on the direction shown in Figure 2.1, should be inputted as depicted in 
Figure 2.37. 
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Figure 2.37 Specified spring stiffness for Free-Free Case (b), Rigid Spring Virtual Part, 
axial vibration 
 
The calculated first three natural frequencies associated with the axial vibration using 
Rigid Spring Virtual Part are presented in the Table 2.14. The details of the theoretical 
values are calculated from a basic engineering vibration book [22]. The natural 
frequencies are computed from the expression: 
𝑓𝑛  =  
𝑛
 2𝐿
 √
𝐸
𝜌
                         𝑤ℎ𝑒𝑟𝑒 𝑛 = 1, 2, 3 …  
The frequency 𝑓𝑛 has been normalized to have the units of Hz.  The length of the bar is 
𝐿 = 𝐿𝑀𝑃 + 2 ∗ 𝐿𝑉𝑃 = 150 𝑚𝑚. The “Fully 3D Analysis” column involves the data from 
a reference Catia model of a 150 mm free-free steel bar. As the table shows, the results 
are once again in excellent agreement with both theoretical calculation and reference 
FEA model. The deformation of the first mode of both Rigid Spring Virtual Part and full 
FEA model are displayed in Figure 2.38. 
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Table 2.14 Axial Frequencies of Vibration (Hz), for Free-Free Case (b), Rigid Spring 
Virtual Part 
 Catia       
(Rigid 
Spring) 
Theoretical 
Formula 
Theoretical 
% Error 
Fully 3D 
FEA 
Analysis 
FEA 
Analysis 
% Error 
Mode 1 16574 16810 1.40 % 16810 1.40 % 
Mode 2  32477 33630 3.43 % 33594 3.32 % 
Mode 3 48863 50440 3.13 % 50333 2.92 % 
 
 
Figure 2.38 The deformation for the first mode of Rigid Spring Virtual Part model on top 
and fully 3D FEA model on the bottom for Free-Free Case (b), Rigid Spring Virtual Part, 
axial vibration 
 
Case (c) Rigid Virtual Part, Bending Vibration 
The bar under consideration which is illustrated in Figure 2.39 is free at both ends 
the same as case(a) discussed. Therefore, the same model as case (a) with two 12.5 mm 
Rigid Virtual part was used. The Catia model is already shown in Figure 2.33. The 
primary interest in this case is the bending natural frequencies about Z direction. Since 
the theoretical solution to be used corresponds to transverse vibration (i.e. in Z-direction), 
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the rotary inertia of the virtual part needs to be ignored which has been explained earlier 
in this chapter. 
 
Figure 2.39 Model used for Free-Free Case (c), Rigid Virtual Part, bending vibration 
 
Unfortunately, a theoretical solution is not readily available in the literature to 
make a comparison. Moreover, it is not appropriate to use the frequency formula 
available in the literature, which involve the total length of the beam being 150 mm, 
because the first 25 mm from both sides are substantially more rigid. Hence, the reference 
finite element Catia model using beam elements which was used for the case (a) is also 
used to assess this model as well. The reference model is already shown in Figure 2.34. 
As discussed earlier, the first 25 mm form both sides are 100 times stiffer to behave 
substantially more rigid than the rest of the beam while their density is the same as 
density of the steel. The calculated first three natural frequencies associated with the 
bending vibration are given in the Table 2.15. The second column of the table consists of 
the Catia v5 generated frequencies whereas the right column is the one calculated from 
the reference model already described in Figure 2.34. 
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Table 2.15 Bending Frequencies of Vibration (Hz), for Fixed-Free Case (c), “Rigid” 
Virtual Part 
 Catia (Rigid) Reference Values % Error 
Mode 1 2445 2290 6.77 % 
Mode 2  7081 6362 11.30 % 
Mode 3 14539 12697 14.50 % 
 
The FEA results are in reasonable agreement with “Reference Values” as reflected in the 
Table 2.15. Figure 2.40 displays the first bending deformation mode of the both Rigid 
Virtual Part model and the reference beam model. 
 
Figure 2.40 The deformation for the first mode of Rigid Virtual Part model on top and 
reference beam model on the bottom for Free-Free Case (c), Rigid Virtual Part, bending 
vibration 
 
Case (d) Rigid Spring Virtual Part, Bending Vibration 
In fact, this is the same problem considered in case (b) but the primary interest is 
bending vibration instead of the axial vibration as shown in Figure 2.41. Therefore, the 
transverse stiffness of the Rigid Spring Virtual Parts needs to be calculated instead of the 
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axial stiffness. This is easily estimated from the expression 𝑘 𝑉𝑃 =
3𝐸𝐼
(0.5𝐿𝑉𝑃)3
 , 𝑘𝑉𝑃,𝜃𝑥 =
 
𝐸𝐼
0.5𝐿𝑉𝑃
 . The mass is the translational mass of the virtual part as discussed earlier. 
 
 
Figure 2.41 Model used for Free-Free Case (d), Rigid Spring Virtual Part, bending 
vibration 
 
The handler point is at 12.50 mm away from each support for both Rigid Spring Virtual 
Parts. Therefore, 𝐿𝑉𝑃 = 25 𝑚𝑚 is the length of each virtual portion. The translational 
spring stiffness in the “Z” direction is calculated as  𝑘𝑉𝑃,𝑧  =  
3𝐸𝐼
(0.5𝐿𝑉𝑃)3
  =  2.56𝐸 +
8 𝑁/𝑚 . The rotational spring stiffness about the “X” axis is given by 𝑘𝑉𝑃,𝜃𝑥 =  
𝐸𝐼 
0.5𝐿𝑉𝑃
 =
 1.33𝐸 + 4 𝑁. 𝑚/𝑟𝑎𝑑 . These values are inputted in the Rigid Spring Virtual Part 
dialogue boxes as shown in Figure 2.42. 
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Figure 2.42 Specified spring stiffness for Free-Free Case (b), Rigid Spring Virtual Part, 
bending vibration 
 
There is a theoretical formula for transverse vibration of a free-free 150 mm beam 
in [22]. The first frequency is equal to zero (rigid-body motion). The next three transverse 
frequencies are given by:  
𝑓𝑛 =
(𝛽𝑛𝐿)
2
2𝜋
  √
𝐸𝐼
𝜌𝐴𝐿4
   
Where 𝛽1𝐿 =  4.73, 𝛽2𝐿 =  7.85,   𝛽3𝐿 =  11.00  
The length L is the total length, namely 𝐿 =  𝐿𝑀𝑃  + 2 ∗  𝐿𝑉𝑃 =  150 𝑚𝑚. It is worth 
mentioning that the above three frequencies are the first three roots of a frequency 
equation given by  
𝑐𝑜𝑠(𝛽𝑛𝐿)𝑐𝑜𝑠ℎ(𝛽𝑛𝐿) −  1 =  0    where 𝑛 = 1 2 3 … .. 
The calculated first four natural frequencies associated with the bending vibration using 
the Rigid Spring Virtual Parts are given in the Table 2.16 which are recorded in the 
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second column. The third column is the theoretical values discussed immediately above. 
Natural bending frequencies of a “Fully 3D FEA” model of a 150 mm steel is also 
calculated and is used as a second reference to assess the result. 
Table 2.16 Bending Frequencies of Vibration (Hz), for Free-Free Case (d), Rigid Spring 
Virtual Part 
 Catia       
(Rigid 
Spring) 
Theoretical 
Formula 
Theoretical 
% Error 
Fully 3D 
FEA 
Analysis 
FEA 
Analysis 
% Error 
Rigid-Body  0 0 0 % 0 0 
Mode 1 2436 2305 5.68 % 2347 3.79 % 
Mode 2 6969 6352 9.71 % 6252 11.47 % 
Mode 3 14110 12450 13.33 % 11813 19.44 % 
Although the errors increase between the “Rigid Spring” virtual part calculations and the 
latter two columns in higher modes, they can be considered satisfactory. The deformation 
for the first mode of both Rigid Spring Virtual Part model and fully 3D FEA model are 
shown in Figure 2.43. 
 
 
Figure 2.43 The deformation for the first mode of Rigid Spring Virtual Part model on top 
and fully 3D FEA model on the bottom for Free-Free Case (d), Rigid Spring Virtual Part, 
bending vibration 
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Case (e) Rigid Virtual Part, Torsional Vibration 
The case under consideration is the torsional modes of the same shaft of length 
𝐿=150 𝑚𝑚 with a circular cross section of radius 𝑅=10 𝑚𝑚 as in the previous torsional 
cases This is displayed in Figure 2.44. The middle portion with the length 𝐿𝑀𝑃 =
100 𝑚𝑚 of the shaft is modeled with solid elements and the first 25 mm of each side is 
modeled using two Rigid Virtual Parts. 
 
Figure 2.44 Model used for fixed-fixed Case (e), Rigid Virtual Part, Torsional vibration 
 
Although the translational mass of virtual portions are not needed for torsional 
case, the rotational mass is calculated and placed on the virtual parts. The value of 
the rotary inertia for each Virtual Part is also calculated below and is inputted in 
the dialogue box already shown in Figure 2.37. Moreover, the Catia model of this 
case is presented in Figure 2.45. 
𝐽𝑉𝑃,𝜃𝑦 =
1
2
𝑚𝑉𝑃𝑅
2 =
𝜋
2
𝜌
𝐿𝑉𝑃
2
𝑅4 = 3.087𝐸 − 6 𝑘𝑔. 𝑚2 
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Figure 2.45 Catia model used for Free-Free Case (e), Rigid Virtual Part, torsional 
vibration 
 
For comparison purposes, it is not appropriate to use the available theoretical 
formula in the literature which describes a 150 mm bar under torsional natural frequency. 
The reason is that the first 25 mm from each side is substantially more rigid than the rest 
of the bar. Practically, it will be a 100 mm bar with 2 lumped mass and inertia on the 
boundaries. Therefore, a reference finite element model using beam elements only has 
been created in Catia. The reference model is exactly the reference beam model used for 
the other free-free cases already shown in Figure 2.34. The only difference is that the 
cross section used for all 30 beam elements is a circular cross section with radius of 
10mm. 
Table 2.17 presents the first 3 modes of calculated torsional natural frequencies of 
the case and the reference beam model. The results are in excellent agreement with the 
reference model for all the three modes and the calculated errors are very small as shown 
in the table. 
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Table 2.17 Torsional Frequencies of Vibration (Hz), for Free-Free Case (e), Rigid Virtual 
Part 
 Catia (Rigid) Reference Values % Error 
Mode 1 11080 10866 1.97 % 
Mode 2  23536 23111 1.84 % 
Mode 3 37460 36885 1.56 % 
 
Case (f) Rigid Spring Virtual Part, Torsional Vibration 
This case is the same bar, with the same boundary condition, as the previous one, 
where the stiffness of the virtual portions are taken into account. Hence, two 12.5 mm 
Rigid Spring Virtual Parts are used at the both ends as shown in Figure 2.46. Therefore, 
one needs to estimate the torsional stiffness of the Virtual Parts. 
 
Figure 2.46 Model used for Free-Free Case (f), Rigid Spring Virtual Part, Torsional 
vibration 
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The same strength of materials formulas as in the previous cases is used: 
𝑚𝑉𝑃 = 𝜌
𝐿𝑉𝑃
2
𝜋 𝑅2 = 0.0615 𝐾𝑔 
 𝐽𝑉𝑃,𝜃𝑦 =
1
2
𝑚𝑉𝑃𝑅
2 =
1
2
0.0615(0.01)2 = 3.087𝐸 − 6 𝑘𝑔. 𝑚2 
𝑘𝑉𝑃,𝜃𝑦 =  
𝐺𝐽
0.5𝐿𝑉𝑃
= 1.99𝐸 + 5 𝑁. 𝑚/𝑟𝑎𝑑  
The shear modulus G is calculated from  𝐺 =
𝐸
2(1+𝜈)
 , where 𝜈=0.266 is the Poisson’s 
ratio for steel. These calculated data are inputted in Catia software. The dialogue boxes of 
Rigid Spring Virtual Part and Mass and Inertia are displayed in Figure 2.47. Furthermore, 
Figure 2.48 shows the Catia model for this case. 
 
Figure 2.47 Specified spring stiffness at left and Specified mass and inertia at right for 
Free-Free Case (f), Rigid Spring Virtual Part, torsional vibration 
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Figure 2.48 Catia Model used for Free-Free Case (f), Rigid Spring Virtual Part, torsional 
vibration 
 
There is an analytical solution for the natural torsional frequency if a 150 mm 
both side free bar in the literature [22].  𝐿 = 𝐿MP + 𝐿𝑉𝑃 = 150 𝑚𝑚, is inputted in the 
formula as the stiffness of the virtual portions are considered.   
𝑓𝑛 =
𝑛𝑐
2𝐿
                                  𝑤ℎ𝑒𝑟𝑒 𝑛 =  0 1 2 …  
                           where 𝑐 = √
Gγ
ρJ
  and 𝛾 =
𝜋𝑅4
2
 
The frequency 𝑓𝑛  has been normalized to have the units of Hz. The smallest 
frequency is equal to zero which is due to the rigid body motion. The calculated next 
three natural frequencies associated with the torsional vibration using the Rigid Spring 
Virtual Parts are provided in the Table 2.18. These are recorded in the second column. 
The third column are the theoretical values discussed earlier. 
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Table 2.18 Torsional Frequencies of Vibration (Hz), for fixed-fixed Case (f), Rigid 
Spring Virtual Part 
 Catia       
(Rigid 
Spring) 
Theoretical 
Formula 
Theoretical 
% Error 
Fully 3D 
FEA 
Analysis 
FEA 
Analysis 
% Error 
Rigid Body 
Mode  
0 0 0 % 0 0 % 
Mode 1 10846 10570 2.61 % 10789 0.53 % 
Mode 2  22087 21130 4.53 % 21581 2.34 % 
Mode 3 34061 31700 7.45 % 32377 5.20 % 
 
A fully 3D model of a 150 mm bar is also modeled and the FEA results are 
provided in the table in the “Fully 3D Analysis” column. The results are in good 
agreement as displayed in the table. 
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CHAPTER 3  
3 Dynamic Analysis Using Rigid Virtual Parts 
3.1. Objectives and Overview of Chapter 3 
Since a major objective of this thesis is to conduct dynamic analysis employing 
virtual parts, this chapter contains nine different dynamic FEA benchmarks or case 
studies. The major rationale behind choosing these cases is to present functional 
examples of Rigid Virtual Part and Rigid Spring Virtual part in making linear dynamic 
FE analysis. The goal is to clarify the advantages and disadvantages of these tools which 
can help the software users to choose the right strategy to model their structure based on 
their requirements and goals. It is important to point out that the dynamic analysis within 
Catia v5 is based on the modal superposition technique and therefore can only handle 
linear dynamics. This is the reason behind the detailed case studies in Chapter 2 where 
the emphasis was the modal frequency extraction. 
The first case is a dynamic, fully 3D finite element analysis study. The main 
purpose behind presenting this case is to validate the fully 3D FEA model with the 
available theoretical solution in the literature. As a result, such models can be used to 
assess the virtual part case studies when no theoretical solution is available. Moreover, it 
validates the element size and therefore bypasses the need for a mesh convergence study. 
The next section involves fixed-free bars under different common loads applied at the 
midspan location. These analyses contain all three classical types of loads namely axial, 
bending and torsional. In a later section, the fixed-fixed boundary condition is also 
studied. Finally, the last two case studies involve a bar under axial distributed gravity 
loading which is a slightly more complicated scenario. 
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3.2. Case Studies 
The geometries are the same as the ones dealt with in the previous chapter with 
the total bar length 𝐿 = 150 𝑚𝑚 where the cross section for axial and bending is square 
and for torsion is circular. The primary difference between the cases is the boundary 
conditions and the loads applied. The steel material with the Young’s modulus E = 200 
GPa, Poisson’s ratio υ = 0.266 and density ρ = 7860 kg/m3 is used for all cases as was 
done in Chapter 2. The mesh size for all cases is 1mm, fine enough that does not warrant 
a mesh convergence study. 
 
3.2.1. A Full 3D Model Dynamic Analysis to Justify the Element Size Suitability 
The case under consideration, is a 150 mm steel bar which is clamped at the left 
end and free at the right end as show in Figure 3.1. A downward dynamic force 𝑃 (𝑡) =
1000 𝑁 is suddenly applied on the right end of the bar. 
 
Figure 3.1 Model of a cantilever beam under a force at its end 
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There is a dimensionless analytical solution based on the separation of variable 
method for a cantilever beam presented in the reference [23] which can be used for 
comparison purposes. The downward dimensionless bending deflection “v(x, t)” of any 
point at the time “t” in the “Y” direction can be calculated by the expression below: 
𝑣(𝑥, 𝑡) =  ∑ 𝜙𝑗(𝑥)𝜂𝑗(𝑡)
∞
𝑗=1
 
Where:  𝜙𝑗(𝑥) = sin(√𝜔𝑗𝑥) − sinh(√𝜔𝑗𝑥) + 𝐷𝑗  [𝑐𝑜𝑠(√𝜔𝑗𝑥) − 𝑐𝑜𝑠ℎ(√𝜔𝑗𝑥) 
and:             𝜂𝑗(𝑡) =  
𝜙𝑗(1)
𝜔𝑗  ∫ 𝜙𝑗
2(𝑥)𝑑𝑥
1
0
 ∫ 𝑃(𝜏) sin (𝜔𝑗(𝑡 − 𝜏)) 𝑑𝜏
𝑡
0
 
with  𝐷𝑗 =  
cos(√𝜔𝑗)+cosh (√𝜔𝑗)
sin(√𝜔𝑗)−sinh (√𝜔𝑗)
 
while  cos(√𝜔𝑗) cosh(√𝜔𝑗) =  −1 
 
The variable 𝑃(𝜏) is the dimensionless force which is calculated according to: 
𝑃(𝜏) = 𝑃(𝑡)
𝐿2
𝐸𝐼
=  1000 
𝐿2
𝐸𝐼
 
The first three dimensionless natural frequencies of vibration (transverse direction) are: 
𝜔1=  3.5156  𝜔2 =  22.0336  𝜔3 = 61.7010 
The above theoretical deflection of the point where the force is applied (x = 150 mm) is 
calculated by Mathcad and together with the output deflection of the Catia model for the 
first 0.01 seconds are plotted in Figure 3.2. Here the first 30 modal frequencies are 
employed in Catia. The small unusual stepwise shapes on the peaks is due to the 
calculator software limitation because of the small timestep. This is primarily Mathcad 
limitation issue. 
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Figure 3.2 The bending deflections of the tip of the cantilever bar 
 
As shown in Figure 3.2 both the mode shapes and amplitudes are in a good agreement 
with the analytical solutions and therefore develops a confidence in using the full 3D 
model instead of the analytical solution. This also confirms that the 1 mm element seize 
is reasonable. 
 
3.2.2. Bar With an Applied Force in the Midspan 
This section employs the same geometry used earlier under different basic 
dynamic forces at its middle point under two common boundary conditions namely fixed-
free and fixed-fixed. 
0
0.002
0.004
0.006
0.008
0.01
0.012
0.014
0 0.002 0.004 0.006 0.008 0.01 0.012
D
ef
le
ct
io
n
 (
m
)
Time (s)
Bending Deflection at x = 150 mm
Full Model (m) Analytical Solution (m)
 104 
 
Fixed-Free cases 
Case (a), Axial Force 
The bar shown in Figure 3.3 is a fixed-free 150 mm steel bar under an axial 
dynamic load of F(t) = 1000 N which is applied in the middle of the bar namely 75 mm 
away from the clamped end.  
 
Figure 3.3 Fully 3D model of the Fixed-Free beam under an axial dynamic force at the 
middle 
 
For comparison purposes, three models have been prepared for the same problem. A 
“Fully 3D FEA model” shown in Figure 3.3, a model with Rigid Virtual Part for the latter 
50 mm of the bar and finally the same model using Rigid Spring Virtual Part shown in 
Figure 3.4.  
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Figure 3.4 The Rigid Virtual Part and the Rigid Spring Virtual Part models of the Fixed-
Free case under axial dynamic load 
 
The axial stiffness of this spring 𝑘𝑉𝑃 =  
𝐴𝐸
0.5𝐿𝑉𝑃
  =  8𝐸 +  8 𝑁/𝑚  is taken into account 
in the Rigid Spring Virtual Part model. This is calculated based on half the length of the 
virtual part, i.e. 0.5𝐿𝑉𝑃  =  25 𝑚𝑚 and inputted in the model already shown in Figure 
2.7. The easiest way to apply a 1000 N force to the bar is to create two points A and B on 
the side faces of the 150 mm bar and apply 500 N at each of these two points. The exact 
node locations are A = (75 mm, 0, -5 mm) and B = (75 mm, 0, 5 mm). This was the 
simplest way to apply the load in the desired direction. The mass of the virtual part 
𝑚𝑉𝑃  =  0.0393 𝑘𝑔. is calculated based on the density of the material and placed at the 
handler point of the Rigid Virtual part for both models. 
The Catia generated X-direction deflection of point A where the force is applied 
of all 3 models during the first 0.001 seconds are plotted in Figure 3.5. As depicted, the 
Rigid Spring Virtual Part model is in a good agreement with the “Fully 3D FEA” Model. 
It means that by using Rigid Spring Virtual Part instead of solid elements for the latter 50 
mm of the bar, the number of elements is decreased by one third, the cost of computation 
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is decreased significantly but the result is in reasonable agreement with the full 3D 
model.  
 
Figure 3.5 The axial deflections of the Fixed-Free beam under an axial dynamic force at 
the middle 
 
As far as the Rigid Virtual Part, although the results are not as accurate as the other two 
models, they are in reasonable agreement also. The main reason behind it can be that the 
“Fully 3D FEA” model is not a perfect idealization for the Rigid Virtual Part. The latter 
50 mm behaves substantially more rigid in Rigid Virtual Part model rather than a fully 
3D steel model. Hence, a reference finite element model using beam elements only has 
been created with the same procedure described in Chapter 2.  
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Figure 3.6 The reference model for comparison purpose for Rigid Virtual Part model of 
the Fixed-Free bar under an axial dynamic force at its middle point 
In the reference beam model, it is assumed that the latter 50 mm of the bar is rigid. 
Therefore, 20 beam elements are used to model the first 100 mm, whereas, 10 beam 
elements to model the end 50 mm as illustrated in Figure 3.6. All 30 elements have the 
true 10x10 mm cross section as same as the main geometry. However, the latter 50 mm is 
100 times stiffer than the left portion of the steel beam. Therefore, the shorter section 
behaves rigid for all practical purposes. The axial deflection of the middle node of the 
Rigid Virtual Part and the reference model are plotted in Figure 3.7. The Rigid Virtual 
Part model result is now in a much better agreement with the reference beam model. 
 
Figure 3.7 The axial deflections of the beam under an axial dynamic force at the middle 
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Case (B), Bending Force 
The same bar considered in the previous case is under a bending dynamic load 
F(t) = 1000 N at the middle point (x = 75 mm). As in the axial analysis, the last 50 mm 
on the right end of the bar is modeled with all solid elements, Rigid Virtual Part and 
Rigid Spring Virtual Part as shown in Figure 3.8.  
 
Figure 3.8 all 3 provided models for the Fixed-Free case under a bending dynamic load at 
the middle 
 
The mass of the virtual part 𝑚𝑉𝑃  =  0.0393 𝑘𝑔  based on the density of the 
material for the virtual portion is placed at the handler point of the Rigid Virtual parts in 
the both models. It is necessary to calculate the stiffness of the virtual portion and take it 
into account in the Rigid Spring Virtual Part. As explained in detail in Chapter 2, the 
translational spring about “Y” axis, 𝑘𝑉𝑃,𝑌  =  
3𝐸𝐼
(0.5𝐿𝑉𝑃)3
  =  3.2𝐸 + 7 𝑁/𝑚  and the 
rotational spring stiffness about the “Z” axis , 𝑘𝑉𝑃,𝜃𝑍 =  
𝐸𝐼 
0.5𝐿𝑉𝑃
 =  6.67𝐸 + 3 𝑁. 𝑚/𝑟𝑎𝑑 
have been used. The Catia generated “Y” direction deflection of the middle point of the 
bar where the force is applied during the first 0.01 seconds are plotted in Figure 3.9. The 
time-dependent deflection of both virtual part models is in a very good agreement with 
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the fully 3D model. As predicted, the Rigid Spring Virtual Part result is more precise due 
to the stiffness consideration of the virtual portion. However, the other model result is 
also very much in agreement.  
 
Figure 3.9 The bending deflections of the Fixed-Free beam under a bending dynamic 
force at the middle 
 
Case (c): Torsion 
A 150 mm bar with a circular cress-section with the radius R = 10 mm is under a 
harmonic moment 𝑀(𝑡) = 10 𝑆𝑖𝑛(𝜔𝑡) 𝑁𝑚  at the midpoint location. Therefore, two 
harmonic sinusoidal dynamic forces 𝐹(𝑡) = 500 𝑆𝑖𝑛(𝜔𝑡) 𝑁  as shown in Figure 3.10 
creating a couple to make that moment possible. Please keep in mind that the present 
torsional test case is solved in the frequency domain and not the time domain. 
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Figure 3.10 Fully 3D Model of the Fixed-Free beam under a harmonic moment at the 
middle point 
This problem has been modeled with both the Rigid Virtual Part and the Rigid 
Spring Virtual Part; depicted in Figure 3.11. Therefore, the last right 50 mm of the bar 
has been replaced by virtual part with a “Handler” point at the centroid of the virtual 
portion. The rotatory inertia of the virtual portion is also calculated as  𝐽𝑉𝑃,𝜃𝑦 =
1
2
𝑚𝑉𝑃𝑅
2 =
𝜋
2
𝜌𝐿𝑉𝑃𝑅
4 = 6.17𝐸 − 6 𝑘𝑔. 𝑚2 and added as a lumped mass and rotational 
inertia to the virtual parts for both models. In the case of Rigid Spring Virtual Part, the 
rotary stiffness of the bar is given by 𝑘𝑉𝑃,𝜃𝑦 =  
𝐺𝐽
0.5𝐿𝑉𝑃
= 9.93𝐸 + 4 𝑁. 𝑚/𝑟𝑎𝑑  which is 
then inputted in the dialogue box. The detailed calculation has already been discussed in 
Chapter 2. 
 
Figure 3.11 The Rigid Virtual Part and the Rigid Spring Virtual Part models of the Fixed-
Free case under a harmonic moment at the middle 
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Figure 3.12 displays the plots of the maximum deflection amplitude as a function 
of the frequency for the middle point of the bar. As shown, the Rigid Virtual Part and 
Rigid Spring Virtual Part are in good agreement for the first peak but diverging from one 
another for the frequencies larger than 15000 Hz. Although the results have large errors 
for higher frequency, many application primarly rely on the lower end of the spectrum; 
below the 15000 Hz. 
 
Figure 3.12 The deflection amplitude an function of frequency plots for a bar under a 
harmonic moment at the midpoint location 
 
 Fixed-Fixed Cases 
Case (a), Axial Force 
This section discusses the application of Rigid Virtual Part and Rigid Spring 
Virtual Part in dynamic analysis where both sides of the bar are clamped. An axial 
dynamic force of F(t) = 1000 N suddenly applies to the middle of the bar. Therefore, the 
50 mm of the bar on the right is not modeled with the solid elements and two virtual parts 
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are used instead. Practically, the model with Rigid Virtual Part behaves as a 100 mm bar 
with both sides being clamped. 
 
Figure 3.13 Statement of the problem and the Catia Rigid Spring Virtual Part model used 
for Fixed-Fixed bar under dynamic axial force 
 
Figure 3.13 depicts the problem and the Catia model of the bar using Rigid Spring 
Virtual Part. Two rigidly connected virtual parts with the calculated stiffness are used as 
discussed in Chapter 2 and the mass of the virtual part is also added as two lumped 
masses. The Catia generated deflection as a function of time for the point at the midspan 
location where the force is applied, is plotted for both the Rigid Spring Virtual Part and 
the full 3D FEA model of the 150 mm bar are presented in Figure 3.14. The results are in 
an excellent agreement with the full model. 
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Figure 3.14 The axial deflections of the Fixed-Free beam under an axial dynamic force at 
the middle 
The situation for the Rigid Virtual Part model is displayed in Figure 3.15. As 
mentioned earlier, the Rigid Virtual Part model behaves as a 100mm both side clamped 
bar. Therefore, a fully 3D FEA model of the 100 mm bar has been prepared for 
comparison purposes. Figure 3.16 shows the axial deflection of the middle point of the 
bar as a function of time for the first millisecond. It can be seen that, there is a perfect 
match between the both models. 
 
Figure 3.15 The Rigid Virtual Part model for the Fixed-Fixed case under an axial 
dynamic load at the middle 
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Figure 3.16 The axial deflections of the Fixed-Free beam under an axial dynamic force at 
the middle 
Case (B), Bending Force 
The same bar considered in the previous case is under a dynamic downward load 
F(t) = 1000 N at the middle point (x = 75 mm). When using two Rigid Virtual parts for 
the latter 50 mm portion, the clamp at the right end causes zero displacement in all 6 
DOF(s) on the support of the virtual part. Hence, the same as in the previous case, it is 
reasonable to prepare two different fully 3D FEA reference models for the Rigid Spring 
Virtual Part and Rigid Virtual Part models for comparison purposes. 
 
Figure 3.17 The Rigid Spring Virtual Part model for the Fixed-Fixed case under a 
dynamic bending load at the middle 
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Considering the situation shown in Figure 3.17, two Rigid Spring Virtual Parts 
with their “Handler” points at the centroid of the virtual portion are used. The support 
face of the right end has been made as a steel surface and is clamped. The required 
stiffness and mass of the virtual portion are already calculated and considered as shown 
in Figure 3.17. As a reference model, a 150 mm bar is under the same restraints and load. 
Figure 3.18 depicts the plots of Y-direction deformation of a middle point (x = 75 mm) 
where the force is applied as a function of time for both the Rigid Spring Virtual Part and 
the fully 3D FEA reference model for the first 0.01 seconds. Although the results are not 
desirable, it is deemed to be satisfactory as far as shape and amplitude. One notes that 
during a certain time period, there is an excellent agreement but the error increases to a 
significant level and then once again decreases and this cycle repeats for each time 
period. There is definitely an error in phase angle. 
 
Figure 3.18 The bending deflections of the Fixed-Fixed beam under a bending dynamic 
force at the middle 
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 Figure 3.19 displays the same situation using two Rigid Virtual Parts which are 
rigidly connected to each other. As discussed, a 100 mm fully 3D FEA model has been 
prepared to assess this model. Using the same approach, the Y direction deflection of a 
middle point of both models as a function of time has been plotted for the first 0.01 
seconds in Figure 3.20. 
 
Figure 3.19 The Rigid Virtual Part model for the Fixed-Fixed case under an axial 
dynamic load at the middle 
 
 
Figure 3.20 The bending deflections of the Fixed-Fixed beam under a bending dynamic 
force at the middle 
0
0.000005
0.00001
0.000015
0.00002
0.000025
0.00003
0.000035
0 0.002 0.004 0.006 0.008 0.01 0.012
D
ef
le
ct
io
n
 (
m
)
Time (s)
Y deflection at the x = 75 mm
Rigid Virtual Part (m) 100mm Full Model
 117 
 
 
The plots in Figure 3.20 show a nearly perfect agreement between the Rigid Virtual Part 
model and the fully 3D FEA model. 
 
Case (c): Torsion 
The case under consideration is when both sides of the 150 mm cylindrical bar are 
clamped. The cylinder is under a harmonic moment  𝑀(𝑡) = 10 𝑆𝑖𝑛(𝜔𝑡) 𝑁𝑚  in the 
middle. At first, a Rigid Spring Virtual Part model is compared with a150 mm fully 3D 
model. The models are illustrated in Figure 3.21. 
 
Figure 3.21 The Rigid Spring Virtual Part model and the fully 3D FEA model of the 
Fixed-Fixed 150 mm case under a harmonic moment at the midspan location 
 
The moment is applied by using couple harmonic forces 𝐹(𝑡) = 500 𝑆𝑖𝑛(𝜔𝑡) 𝑁. The 
modeling was already discussed in detail at 2.2.2. Therefore, it is not presented here to 
avoid repetition. Figure 3.22 shows the plots of deflection amplitude as a function of 
frequency for the node where the moment is applied. Note that there is a significant 
difference between the plots. Particularly, at the first mode which is the most important 
one and has most of the deformation. 
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Figure 3.22 The deflection amplitude as a function of frequency plots for a Fixed-Fixed 
bar under a harmonic moment at the middle 
 
The same problem has been modeled with Rigid Virtual Part. Due to the nature of 
this feature, it needs to be compared with a 100 mm fully 3D FEA model. The Rigid 
Virtual Part model and is also shown in Figure 3.23.  
 
Figure 3.23 The Rigid Virtual Part model for the Fixed-Fixed case under a dynamic 
moment at the middle 
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The deflection amplitude at the middle point of both models as a function of frequency 
are also plotted in Figure 3.24. The graphs are in an excellent agreement for the 
frequencies smaller than 40000 Hz, However, the error is significant at higher 
frequencies. One notes that, the first two major deformations happen at the frequencies 
under 40000 Hz. 
 
Figure 3.24 The deflection amplitude as a function of frequency plots for a Fixed-Fixed 
bar under a harmonic moment at the middle 
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the gravity loading directly, a force of 𝐹(𝑡) = 𝑚𝑣𝑝 𝑔 = 0.039 ∗ 9.81 = 0.385 𝑁  as 
applied on the virtual part in the both cases. 
 
Figure 3.25 The Rigid Virtual Part and the Rigid Spring Virtual Part models of the Fixed-
Free case under an axial gravity 
 
This problem has an analytical solution in [24] which is used for comparison 
purposes. In this reference, the axial deflection “u(x, t)” of any point at the time “t” is 
calculated from the expression below: 
𝑢 (𝑥, 𝑡) = 2
𝑔 ∑
sin (𝜆(𝑛)𝑥)
𝜆(𝑛)3
𝑁
𝑛=1
𝐿 𝑎2
− 2 
𝑔 ∑ cos(𝑎 𝜆 (𝑛)𝑡)
sin (𝜆(𝑛)𝑥)
𝜆(𝑛)3
𝑁
𝑛=1
𝐿 𝑎2
 
Where   𝜆(𝑛) =  
(2𝑛−1)𝜋
2 𝐿
  𝑎 =  √
𝐸
𝜌
 
The following values are employed,      𝑔 = 9.81 
𝑚
𝑠2
 𝐸 = 200 𝐸 + 9 
                      𝐿 = 0.15 𝑚  𝜌 = 7860 
𝑘𝑔
𝑚3
  
The axial displacement as a function of time for the point 100 mm away from the left 
point (x = 100 mm) is calculated using the equation above, considering 3 first modes of 
frequencies (N = 3) by Mathcad software. The same deformation is plotted in Catia for 
both virtual parts model. Note that the points where x = 100 mm are the points at the 
support face. All 3 plots are displayed at Figure 3.26. The Rigid Spring Virtual Part result 
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are in a very good agreement with the reference plot. Although the Rigid Virtual Part 
model is in a good agreement at first, there is a significant difference between its results 
with the reference model results after a short time. 
 
Figure 3.26 The axial deflection as a function of time plots for a Fixed-Free bar under an 
axial gravity 
 
Case (b): Fixed-Fixed 
Following the approach for this chapter, the case in this section is the same as 
previous case except that the restraints are fixed-fixed boundary condition. Due to lack of 
theoretical solution for this particular problem, the models are assessed against a fully 3D 
FEA analysis. As discussed earlier, it is not possible to compare Rigid Virtual Part model 
with a fully 3D 150 mm bar. Therefore two different analysis are provided. First, The 
Rigid Spring Virtual Part model as shown in Figure 3.27. 
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Figure 3.27 The Rigid Spring Virtual Part model for the Fixed-Fixed case under an axial 
gravity at the middle 
 
As shown, two forces of 𝐹(𝑡) = 𝑚𝑣𝑝 𝑔 = 0.039 ∗ 9.81 = 0.385 𝑁 are applied on 
the virtual parts to account for the absence of the solid model of the last 50 mm portion. 
The stiffness and mass of virtual parts are also applied on them. Note that the calculation 
for both the axial stiffness and mass of virtual parts and the rigid connection between 
them are already described in Chapter 2. 
 
Figure 3.28 The axial deflection as a function of time plots for a Fixed-Free bar under an 
axial gravity 
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The axial deflection of a node at the midspan location of the bar (x = 75 mm) as a 
function of time for both Rigid Spring Virtual Part model and the fully 3D FEA model 
are plotted in Figure 3.28 for the first millisecond. It can be seen that, the results almost 
perfectly match each other. 
 
Figure 3.29 The Rigid Virtual Part model for the Fixed-Fixed case under an axial gravity 
at the middle 
 
The next step is comparing the Rigid Virtual Part model shown in Figure 3.29 with the 
100 mm long bar and both sides clamped. Therefore, the axial deflection of the mid 
points of both models for the first millisecond are displayed at Figure 2.30. The results 
are in an almost perfect agreement as with one another. 
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Figure 3.30 The axial deflection as a function of time plots for a Fixed-Free bar under an 
axial gravity 
 
The main purpose of the cases described in this chapter was to demonstrate the 
point that not only Rigid Virtual Part and Rigid Spring Virtual Part decrease the cost of 
time and computation but also, can be reasonable in terms of accuracy. The two main 
ingredients of the strategy in this chapter were: 
a) To identify the application of using the virtual parts in a particular problem and 
b) To estimate the needed internal and spring stiffness entities. 
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CHAPTER 4 
4 More Practical Applications 
4.1. Objectives and Overview of Chapter 4 
The first chapter described the concepts of the virtual parts and the literature 
review. It was followed by modal calculation and dynamic analysis of some simple 
examples to show the functions of these parts in different problems. This chapter will 
present other more practical applications which employ the knowledge base developed 
already. These instances contain more complicated structures which in turn require more 
elements. The large number of elements lead to significant computation time, which 
justifies the use of virtual parts and resource reduction in the number crunching stage.  
The first example is analyzing the harmonic response of a steel plate on four 
stands supporting a motor with imbalance. This problem has been modeled with both 
solid mesh elements and a mixture of shell and beam elements. The second example is 
conducting a dynamic analysis of a vehicle frame, considering the engine as a Rigid 
Virtual Part. The analysis is performed using shell elements to mesh the vehicle frame 
initially, followed by a full beam meshed model of the same frame. 
 
4.2. A Platform Under Harmonic Dynamic Load 
The original problem under consideration is the platform shown in Figure 4.1 
subjected to an unbalanced rotating machine applying a harmonic sinusoidal load of 
amplitude 1000 N [25]. The platform has a 1𝑚 × 1𝑚 square plate with a thickness of 
0.01 m standing on four 0.5 m long legs. The legs also have a 0.01 𝑚 × 0.01 𝑚 square 
cross sections. The bottom faces of the legs are assumed to be clamped. Instead of 
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modeling a rotating machine, a Rigid Virtual Part is considered with a “Handler” point at 
the middle of the platform but 0.5 m above it. The support face of the virtual part is 
0.1𝑚 × 0.1𝑚 square in the middle of the platform. The structure is entirely made of 
steel. 
 
Figure 4.1 The Platform under a sinusoidal force [25] 
 
In the first attempt, it was decided to model the problem with shell and beam 
elements displayed in Figure 4.2. The platform is modeled with 3 mm parabolic Octree 
Triangle shell elements and 10 mm thick 2D property. These are the exact terminologies 
from Catia v5. The legs are meshed with 3 mm linear beam elements with square cross 
section 1D properties. Each leg is connected to the platform by defining a Rigid 
Connection between its top vertex and the corner vertex of the platform. 
 
Figure 4.2 The shell-beam Catia FE model of the platform under harmonic response 
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In order to make the support face for the virtual part in the middle of the platform, 
one can make two separate platforms and connect them with a Fastened Connection. In 
fact, The plate should be modeled with a 0.1𝑚 × 0.1𝑚 square opening at its middle and 
a separate 0.1𝑚 × 0.1𝑚 platform is modeled at the middle and is fastened to the main 
platform. This connection is shown in Figure 4.2 with a “fastened” sign. For this 
particular model, a mesh convergence study has been done to ensure the mesh is fine 
enough. Figure 4.3 is a zoomed view of a corner of the platform to view the very fine 
mesh. Moreover, Figure 4.4 shows the beam property for the legs. 
 
Figure 4.3 A zoomed in view of the mesh of the shell-beam Catia FE model of the 
platform under harmonic response 
 
In order to assess the quality (and accuracy) of the shell-beam calculation, a fully 
three-dimensional model of the platform was also created. Therefore, the model is created 
in the Part Design workbench and meshed with 5 mm Parabolic Octree Tetrahedron solid 
mesh. The strategy to make the support face is to create the 0.01 𝑚 × 0.01 𝑚 square 
surface at the middle and sew it to the part in Wireframe and Surface Design workbench. 
In the language of Catia software, this develops a “feature” in the solid model for our 
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purpose. Hence, this area can be used as the support face of the virtual part. Figure 4.5 
displays the solid model. 
 
Figure 4.4 A zoomed view of a beam property of the shell-beam Catia FE model of the 
platform under harmonic response 
 
Figure 4.5 The solid Catia FE model of the platform under harmonic response 
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As mentioned earlier, Catia uses modal superposition to solve dynamic problems. 
Therefore, the next step is to calculate the natural frequencies of the system. The first ten 
natural frequencies are calculated and used for further analysis. Table 4.1 is the modal 
participation report from Catia for the beam-shell model to show that 10 first frequency 
are good enough to get a reasonable result. Based on the table, the first six frequencies 
might be enough for modal superposition method. This statement is based on the 
common practice of using approximately 80% modal mass participation factor for 
truncation purposes. The next step is to conduct a Harmonic Dynamic Response Case. 
Hence, a Load with amplitude of 1000 N on the vertical direction shown in Figure 4.1 is 
applied on the Rigid Virtual Part with 1% modal damping. The “Harmonic Dynamic 
Response Solution” module with 200 steps from 0 Hz to 200 Hz is considered and the 
Frequency Response Curve for the vertical deflection for a corner point of the platform is 
plotted for both models which is presented in Figure 4.6. 
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Table 4.1 Modal Participation for the calculated natural frequencies of the shell-beam 
model of the platform under harmonic response 
Mode Frequency 
(Hz) 
𝑇𝑥 (%) 𝑇𝑦 (%) 𝑇𝑧 (%) 𝑅𝑥 (%) 𝑅𝑦 (%) 𝑅𝑧 (%) 
1 3.87 52.21 46.99 0.00 0.00 0.00 0.00 
2 3.88 46.99 52.21 0.00 0.00 0.00 0.00 
3 6.36 0.00 0.00 0.00 0.00 0.00 97.64 
4 17.84 0.00 0.00 91.10 0.00 0.00 0.00 
5 38.86 0.00 0.00 0.00 41.42 36.63 0.00 
6 38.87 0.00 0.00 0.00 36.63 41.42 0.00 
7 51.30 0.00 0.00 0.00 0.00 0.00 0.00 
8 95.75 0.00 0.00 0.00 0.00 0.00 0.00 
9 109.79 0.00 0.00 3.80 0.00 0.00 0.00 
10 122.32 0.01 0.00 0.00 0.93 3.44 0.00 
 Total 99.21 99.20 94.90 78.98 81.49 97.65 
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Figure 4.6 Frequency Response Curve for The Vertical Deflection for a Corner Point of 
The Platform under harmonic response 
 
Although the mode shapes are in a good agreement, the amplitudes are 
significantly different. The first probable reason can be the mesh size of the solid model 
as no mesh convergence study was done for the solid model. Due to processor limitation 
on the used computer, it is not possible to make the mesh size smaller than the previous 
size which is 5 mm. Therefore, one can use smaller local mesh size in the critical areas. 
Hence, a local mesh size of 3 mm has been applied for the four clamped bottom faces of 
the legs and the highlighted edges in red color in Figure 4.7. Furthermore, A zoomed 
view of the local mesh at a corner of the platform is displayed in Figure 4.8 to clarify the 
differences between the adjunct element sizes. 
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Figure 4.7 The highlighted edges for local mesh for the solid model of the platform under 
harmonic response 
 
 
Figure 4.8 A zoomed view of the local mesh of the solid Catia FE model of the platform 
under harmonic response 
 
After revising the mesh for the solid model, the simulation results are compared 
with the shell-beam model in Figure 4.9. Clearly, the difference between the vertical 
deformations has disappeared and both mode shapes and amplitudes are in a good 
 133 
 
agreement. This practical example which is a very common scenario shows the 
advantages of using a Rigid Virtual Part to model a rotating motor to apply harmonic 
load on a steel platform.  
 
Figure 4.9 Frequency Response Curve for The Vertical Deflection for a Corner Point of 
The Platform under harmonic response 
 
4.3. Analysis of a Vehicle Frame 
This section discusses natural frequency analysis and Transient Dynamic 
Response of a simplified vehicle frame where the engine is modeled as a Rigid Virtual 
Part. For design purposes, a simplified 28 points frame model of a cabin of a van [25] is 
considered shown in Figure 4.10. The coordinates of the joints are presented in Table 4.2. 
Note that these coordinates are in inches. As shown in Figure 4.10, X-Z plane is the plane 
of symmetry. The members have tubular cross section with inside radius of 𝑅𝑖 = 0.93 𝑖𝑛 
and the outside radius of  𝑅𝑜 = 1.07 𝑖𝑛. 
0.00E+00
5.00E-05
1.00E-04
1.50E-04
2.00E-04
2.50E-04
3.00E-04
3.50E-04
0 50 100 150 200 250
V
er
ti
ca
l D
ef
le
ct
io
n
 A
m
p
lit
u
d
e 
(m
)
Frequency (Hz)
Frequency Response Curve for The Vertical 
Deflection for a Corner Point of The Platform 
Shell-Beam Model Revised Solid Model
 134 
 
Table 4.2 Joint Coordinates of the Vehicle frame [25] 
Node X Y Z Node X Y Z 
1 58.0 38.0 0 1’ 58.0 -38.0 0 
2 48.0 38.0 0 2’ 48.0 -38.0 0 
3 31.0 38.0 0 3’ 31.0 -38.0 0 
4 17.0 38.0 22.0 4’ 17.0 -38.0 22.0 
5 0 38.0 24.0 5’ 0 -38.0 24.0 
6 58.0 38.0 42.0 6’ 58.0 -38.0 42.0 
7 48.0 38.0 42.0 7’ 48.0 -38.0 42.0 
8 36.0 38.0 70.0 8’ 36.0 -38.0 70.0 
9 0 38.0 75.0 9’ 0 -38.0 75.0 
10 58.0 17.0 42.0 10’ 58.0 -17.0 42.0 
11 58.0 17.0 0 11’ 58.0 -17.0 0 
12 0 17.0 0 12’ 0 -17.0 0 
13 0 17.0 24.0 13’ 0 -17.0 24.0 
14 18.0 0 72.0     
15 0 0 37.5     
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Figure 4.10 Nodal coordinates of the vehicle frame [25] 
 
4.3.1. Modal Calculation Using Shell Elements 
The CAD model is designed based on the joint coordinates in Table 4.2 and a FE 
model using shell elements with thickness of 0.14 in (3.556mm) is created. The shell 
element size used is 0.39 in (5 mm) parabolic triangular elements. Although a mesh 
convergence study has not been done for this particular problem, the size used is the 
smallest possible size based on the hardware limitation used. The material is assumed to 
be steel with the Young’s modulus E = 200 GPa, Poisson’s ratio υ = 0.266 and density ρ 
= 7860 kg/m3. Figure 4.11 shows the Catia shell model of the vehicle frame. 
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Figure 4.11 The shell element Catia FE model of the vehicle frame 
 
The two joints numbered 12 and 12’ in the table are clamped as displayed in Figure 4.11. 
The engine is not modeled and is replaced by a Rigid Virtual Part at the front of the frame 
as shown. The “Handler” point is placed at the created location with coordinates (53, 0, 
21) inches. Moreover, four rectangle shape patches (1.57 in by 0.39in) have been created 
on the surface of the frame as the support faces. These support faces are connected to the 
rest of the frame with a fastened connection as symbolically shown with the green line in 
Figure 4.11.  
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Figure 4.12 Distributed mass and inertia dialogue boxed used for the Rigid Virtual Part 
 
A lumped mass of 158 kg which is the average mass of a V4 engine and the calculated 
rotary inertia for the different DOF(s) based on the coordinates of the “Handler” point is 
applied on the Rigid Virtual part. The dialogue box of the applied distributed mass and 
inertia is presented in Figure 4.12. The zoomed view of the virtual part and its support is 
shown in Figure 4.13. 
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Figure 4.13 A zoomed view of The Rigid Virtual Part and its support at the vehicle frame 
 
Since the shell model needs surfaces, a considerable effort was required at the joints 
where numbers are attached together. This in turn implies the surfaces are attached 
together properly and therefore no “connection” in Catia are required. Figure 4.14 
displays a typical joint in the developed surface model. 
 
Figure 4.14 Joints 1 and 2 from the vehicle frame design 
 
 139 
 
After running the simulation in Catia, the first ten natural frequencies of the structure 
using shell elements and Rigid Virtual Part are calculated and presented in Table 4.3. 
These frequencies are required for further potential harmonic or transient dynamic 
analysis. 
Table 4.3 The natural frequencies of the shell structure for the vehicle frame 
Number of modes Frequency (Hz) 
1 5.44 
2 8.50 
3 11.26 
4 14.53 
5 18.78 
6 27.99 
7 33.72 
8 36.63 
9 39.20 
10 39.99 
  
4.3.2. Modal Calculation Using Beam Elements 
A full beam model based on the same joint coordinates is also prepared as shown 
in Figure 4.15. The 1 mm linear 1D beam elements are used to mesh the structure. This is 
a small enough mesh size based on the frame dimensions. Steel is used as the material the 
same as in the shell model. The 1D property is the tubular cross section beam with the 
same thickness as the shell model which is 0.14 in (3.556 mm), where inside radius is 
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𝑅𝑖 = 0.93 𝑖𝑛 and the outside radius of the tube is  𝑅𝑜 = 1.07 𝑖𝑛. The restraints applied 
are the same as the shell model, namely points 12 and 12’ are clamped. 
 
Figure 4.15 The beam Catia FE model of the vehicle frame 
 
In order to have a support for the Rigid Virtual Part, four beams are created. 
These beams are from the node of the Handler point to the nodes used on the structures at 
the surfaces of the shell model. In fact, they are the centroid of the four rectangles shown 
in Figure 4.13. Figure 4.7 is a zoomed view of this part of the structure. The Rigid Virtual 
Part supports are the red beams in Figure 4.15 and the same mass and inertia is applied on 
the virtual part. The calculated first ten Catia v5 generated frequencies of the beam 
structure of the vehicle frame are given in the Table 4.4. 
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Table 4.4 The natural frequencies of the beam structure for the vehicle frame 
Number of modes Frequency (Hz) 
1 3.56 
2 7.36 
3 14.49 
4 16.29 
5 17.28 
6 20.92 
7 30.92 
8 40.58 
9 41.19 
10 48.02 
 
4.3.3. Discussion on Modal Calculations 
This section presents the results of the two-different vehicle frame FE analysis. It 
reveals the fact that the beam model may not be a preferred reference model for the Rigid 
Virtual Part model. One reason could be that beam elements in comparison with shell 
elements do not resolve the frequency content of the structure. However, although the 
frequencies do not completely match, they are in the same range and some modes are in 
good agreement. As already mentioned in previous chapters, the dynamic analysis in 
Catia v5 is based on the modal superposition technique. Therefore, each mode has a 
modal participation percentage in case of a harmonic or transient dynamic loading. In 
some cases, the first mode has the most effect on the deformation. Moreover, in many 
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structural dynamic cases the first three modes have a high modal participation factor. 
Therefore, although the other modes are not in a good agreement with the beam model, 
they may not affect the result much in a dynamic loading situation. The first three modes 
are in good agreement with the beam model. The other reason for significant deviation in 
some modes can be the fundamental difference between the shell and beam elements. For 
example, clamping nodes 12 and 12’ causes no displacement in the whole 11-12 and 11’- 
12’ beams in the beam model while this problem does not happen in the shell model. This 
difference can affect the values in some mode shapes. Perhaps a finer mesh would lead to 
better agreement between the two models. Another probable reason could be the four 
extra beams on the beam model which are the supports of the Rigid Virtual Part. These 
beams have an effect on the stiffness and mass of the structure when compared to the 
shell model. 
 
4.3.4. A Transient Dynamic Response Considering the First Natural Frequency 
Mode 
This section displays a simple transient dynamic response of both model 
(discussed in the previous section) considering only the first natural frequency which has 
the most influence in terms of modal participation in the Z-direction. Therefore, an 
upward force in Z direction with the amplitude of 1000N is suddenly applied at joint 4 in 
Figure 4.10 where is the nearest node to the tire. This kind of situation can happen when 
the tire goes on a bump in the road. The bending deflection which is the deflection in “Z” 
direction is for node 4 where the force is applied is plotted in Figure 4.16. Although the 
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results do not match, the deflections amplitudes are in the same ball path and the trends 
correlate. 
 
Figure 4.16 The bending deflections of Node 4 of the vehicle frame 
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CHAPTER 5 
5 Conclusions and Recommendations for Future Work 
5.1. Conclusions 
As stated in the first chapter, the main objective of this thesis was to describe the 
concepts and applications of the Rigid Virtual Parts in Catia v5 by developing a general 
guideline and a knowledge base for their functionalities. In this context, three major 
categories were considered. namely, static study, modal calculation and dynamic case 
analysis and finally, performing some practical finite element analysis application. 
Therefore, one can use such tools for design purposes knowing both fundamental and 
practical advantages and disadvantages. 
An attempt was made to clarify the main scope and objectives of the research in 
the first chapter. It was followed by comprehensive description of the Rigid Bar Elements 
particularly RBE2 and RBE3. The rationale behind it was the fact Rigid Virtual Parts are 
a modified Catia version of such elements. It was concluded based on the static case 
studies and the application examples in the literature, that although virtual parts are very 
useful in finite elements analysis, there is a clear lack of proper documentation and 
sample educational tools for the software users. 
Since a complete static finite element analysis study has been done in [5], a major 
focus of this research was to expand the findings to dynamic analysis problems. The 
approach used in Catia to calculate dynamic response is based on the concept of modal 
superposition technique. Therefore, it was necessary to carry out a detail discussion on 
modal (frequency) calculation. Eighteen cases involving the Rigid Virtual Part and Rigid 
Spring Virtual Part were studied. These cases could be divided into three common 
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boundary conditions in the basic deformation mode shapes namely, axial, bending and 
torsional. The results were compared with the available theoretical formulas and the full 
3D FEA models if a theoretical solution was lacking. In general, the results were in good 
agreement with the reference values. Note that it was necessary to have a basic 
knowledge of the fundamental differences of each type of virtual part to conduct 
functional cases. 
Based on the result presented in chapters 3 and 4; It can be concluded that virtual 
parts cannot only be very instrumental in verifying the fundamental examples, but also, 
can be very effective in more practical and complicated cases. However, other finite 
element aspects such as element type and mesh size and CAD modeling can affect the 
accuracy of the result also. In fact, although finite element method is a powerful tool to 
provide numerical analysis for predicting the physical behavior of a system, it has 
limitations and approximations which should be taken into account while evaluating the 
cases. This is irrespective of whether a virtual part is used or not. This issue potentially 
played a role in the vehicle frame case in Chapter 4. A considerable effort was dedicated 
to representing the exact physics and restraints of the problem and reasonable element 
types and sizes for each case to ensure the compatibility of the simulations with realistic 
situation. However, due to the complexity of the geometry and hardware limitation, it 
was not feasible to make the model more realistic in the vehicle frame case. In this 
problem it is highly recommended to modify the FEA model as an endeavor in the 
potential future work. The calculations in the appendix A with another FEA software 
supports the idea that this application is not software based and can be performed in 
many FEA software with other disguises of RBE2 and RBE3. 
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Based on the findings in this thesis, some important factors in FEA with 
application of Virtual Parts are listed below: 
• Using the most appropriate element type and size 
• Considering the restraints and loads based on the most feasible condition 
to have a realistic situation 
• Application of the connections 
• Choosing the right type of virtual part based on their fundamental 
differences according to the problem statement 
• Deciding the location and size of the virtual part wisely 
• Considering the right “Handler” point based on the problem  
• Estimating the internal stiffness as accurate as possible in case of using 
Rigid Spring Virtual Part, analytically or experimentally 
• Including the proper mass and rotary inertia of the virtual portion  
• Taking modal participation factors into account when conducting a 
dynamic analysis 
In a nutshell, Rigid Virtual Parts are very useful tools to decrease the cost of 
computation time which is a crucial factor for any FEA software. Most problems 
considered this thesis, the number of elements was decreased to two third with the use of 
these parts while the FEA results were not significantly influenced. Therefore, the 
developed knowledge base in this thesis can be a very useful guideline to the software 
users in modifying their designs using virtual parts. 
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5.2. Recommendations for future work 
Needless to say, there are many aspects of the present thesis that require further 
investigation. It is recommended that future work on this area take the following items 
into consideration:  
• Application of “Smooth Virtual Part”, “Smooth Spring Virtual Part” and 
“Contact Virtual Part” in FE analysis. Although the idea behind RBE3 
which is referred to as “Smooth Virtual Part” was discussed in Chapter 1, 
the main focus of this thesis was on “Rigid Virtual Part” and “Rigid 
Spring Virtual Part”. 
• Validating some of the cases studied by experimental results. A 
comparison with available theoretical and analytical solutions were made 
for most cases in this research. However, a more complicated problem 
such as the vehicle frame requires an experimental setup. 
• Modifying the element shapes and design of the vehicle frame discussed 
in Chapter 4 to get a more reasonable result analytically/numerically. 
• Investigating the application of virtual parts to nonlinear dynamic 
problems. Unfortunately, such tools are not available in Catia and other 
software need to be used 
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APPENDICES  
Appendix A 
 
This section briefly discusses some of the natural frequency cases of Chapter 2 
namely, axial and bending fixed-free and free-free in another commercial software called 
3D Experience in order to discard the idea that virtual parts are limited to the Catia 
software. 
During the mid-nineties, Dassault modified the CATIA program with a 
homebrewed FEA software known as “Elfini” which is limited to linear FE analysis. 
After 2005, a lower version of Abaqus AFC software (Abaqus For Catia), integrated 
within the Catia program which can still be loaded in the software but needs separate 
license and the interface has some limitation. In the last decade, Dassault Systems has 
developed many diverse areas of modern software technology. This has led to introduction 
the “3DEXPERIENCE” package, which is a business platform providing software solutions to 
all divisions within a company ranging from engineering, to sales and marketing. Therefore, 
this platform contains many other software which can be offered to industry and tailored 
based on their requirements.  Although several finite element packages are available in 
3DExperience, Abaqus program is the most well known [26]. The case studies in this 
appendix employs the Abaqus implicit program and it assumes that the model is created 
with the Catia software. The “Rigid Body” elements in the Abaqus implicit program in 
3DEcperience platform also refers to RBE2. Therefore, the cases below with use of 
“Rigid Body” are provided to be compared with the same cases from Catia presented in 
Chapter 2. 
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The first case is a 150 mm steel fixed-free steel bar with a rectangular 10 𝑚𝑚 ×
10 𝑚𝑚 cross section shown in Figure A.1. The axial and bending natural frequencies are 
the entities of interest. Note that 3DExperience uses Catia to for CAD purposes. The left 
100 mm portion of the bar is modeled and meshed with solid elements while a “Rigid 
Body” has been used for the right 50 mm portion using the centroid of the virtual portion 
as the handler point. The mass of the virtual part 𝑚𝑉𝑃  =  0.0393 𝑘𝑔 is calculated based 
on the density of the material and placed at the handler point as a “point inertia”. 
 
Figure A.1 The FEA model of the fixed-free case in 3DExperience 
 
Table A.1 Shows the first three bending and axial frequencies of the case. The 
second column shows the result of the 3DExperience while the third coloumn is the Catia 
result which was obtained in Chapter 2. The result of “Rigid Body” model in 
3DExperience are in an excellent agreement with the “Rigid Virtual Part” result in Catia. 
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Figure A.2 is an exaggerated view of the deformation of the third axial frequency 𝑓3 =
52918 𝐻𝑧.  
Table A.1 Comparison of fixed-free natural frequency cases (Hz) 
Mode  Mode shape 3DExperience Catia 
1 Bending 1 376 379 
2 Bending 2 2663 2676 
3 Bending 3 8373 8409 
4 Axial 1 8665 8682 
5 Axial 2 29550 29364 
6 Axial 3 52918 52939 
 
 
Figure A.2 The exaggerated view of the third axial deformation mode of the fixed-free 
case 
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The second case under consideration is the same bar under a free-free boundary 
condition. Therefore, the middle 100 mm portion of the bar is modeled with solid 
elements and a 12.5 mm “Rigid Body” is used on each side instead of the rest of the bar. 
Hence two 𝑚𝑉𝑃  =  0.0195 𝑘𝑔 is applied on each handler point as a “Point Inertia” as 
displayed in Figure A.3.  
 
Figure A.3 The FEA model of the free-free case in 3DExperience 
 
As shown in Table A.2, the result are in an almost perfect agreement with Catia results 
which supports the idea that RBE(s) functionalities are not limited to a particular FEA 
software. The first bending deformation shape is presented in Figure A.4 as a point of 
information. 
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Table A.2 Comparison of free-free natural frequency cases (Hz) 
Mode  Mode shape 3DExperience Catia 
1 Bending 1 2434 2445 
2 Bending 2 7050 7081 
3 Bending 3 14476 14539 
4 Axial 1 17337 17337 
5 Axial 2 36845 36844 
6 Axial 3 58560 58573 
 
 
Figure A.4 The exaggerated view of the first bending deformation mode of the free-free 
case 
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